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PREFACE 


In this book authors introduce the notion of subset polynomial 
semirings and subset matrix semirings. The study of algebraic 
structures using subsets were recently carried out by the authors. 
Here we define the notion of subset row matrices, subset 
column matrices and subset m x n matrices. Study of this kind 
is developed in chapter two of this book. 


If we use subsets of a set X; say P(X), the power set of the 
set X; as the entries of the collection of subsets of m x n 
matrices say S; then we see (S, VU) is a semigroup (semilattice) 
and (S, 4) is a semigroup (semilattice). Thus (S, U, A) is a 
semiring (a lattice). Hence if P(X) is replaced by a group or a 
semigroup we get the subset matrix to be only a subset matrix 
semigroup. If the semiring or a ring is used we can give the 
subset collection only the semiring structure. 


The collection of subsets from the polynomial ring or a 
polynomial semiring can have only a semiring structure. Several 
types of subset polynomial semirings are defined described and 
developed in chapter three of this book. 


Using the subset polynomials (subset matrices) we built 
subset semivector spaces. Study in this direction is interesting 
and innovative which forms the chapter four of this book. Every 
chapter is followed by a collection of problems. 


We thank Dr. K.Kandasamy for proof reading and being 


extremely supportive. 


W.B.VASANTHA KANDASAMY 
FLORENTIN SMARANDACHE 


Chapter One 


INTRODUCTION 


In this book authors for the first time study algebraic 
structures using subsets of a ring or a field or a semiring or a 
semifield. We define describe and develop mainly subset 
polynomial semiring and subset matrix semiring. It is important 
and interesting at this juncture to keep on record that the 
maximum algebraic structure we can give to these subset 
structures is a semifield (in some cases semiring). 


Further the study of algebraic structures using subsets 
started in the 18" century by Boole who made the collection of 
all subsets of a set into an algebra in a very special way was 
named after him. However {P(X), U, M} is a Boolean algebra 
of order 2! if [X| < co and P(X) is the power set of X. 


After this study we see there are not many well defined 
algebraic structures using subsets of an algebraic structure. 


However we have the subsets of a set with ‘U’” and ‘7M’ is 
made into a nice topological space. Thus we have topology 
developed on them. But we do not have any algebraic structure 
other than Boolean algebra developed using subsets of a set X. 
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Of course we have the concept of semilattices using subsets. 


Here we develop a algebraic structure which is a semiring / 
semifield. In fact by this method we in the first place are in a 
position to generate finite non commutative semirings. 


Further for every subset collection (subsets from algebraic 
structure) we can define two types of semirings. This is 
described in this book. Finally we in this book introduce the 
concept of polynomial subset semirings and subset polynomial 
semiring S[x] and P[x] respectively. We show how we can solve 
polynomial subset equations in P[x]. 


We have three cases to our surprise. 


(i) Completely solvable subset polynomial equations for a 
subset solution. 

(11) Partially solvable subset polynomial equations and 

(iii) Not solvable subset polynomial equations in P[x]. 


We leave it as an open conjecture. 
If P[x] = {Collection of all subsets from C(Z,)[x], p a 
prime} be the polynomial subset semiring. 


Can we say P[x] will be algebraically closed polynomial 
subset semifield? 


For we see P[x] = {Collection of all subsets from C[x]} be 
the polynomial subset semifield then P[x] is an algebraically 
closed semifield for every pair A, B € P[x], A =B is completely 
solvable. 


Chapter Two 


SUBSET MATRICES 


In this chapter we proceed onto study for the first time the 
notion of subset matrices; the subsets can be from a set or a 
semigroup or a ring or a field or a group or a semiring or a 
semifield. We give algebraic structure to these subset matrices. 


Let X = {aj, ..., an} be a set, the power set of X denoted by 
P(X) where 
P(X) = {Collection of all subsets of X including X and 6}. 


DEFINITION 2.1: Let X be a set {a), a2, ..., An} and P(X), the 
power set of X. 


Let Sr = {(pp Px «+ Py) where p; € P(X)}; then we define 
Sr to be the subset row matrix (1 Si St). 


Pi 


Let Sc = P2 where p; € P(X), 1 sj Sm; 
Pm» 


we define Sc as the subset column matrix. 
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Pu Piz Pin 
Ss = ee ne see ne where pi € P(X); (1 Si,j Sn) 
Pat Pn ate Prn 


is defined as the subset square matrix. 


Pu Piz + Pim 
Sei a oo = is where py € P(X); 1 Sin 
Pui Pn2 ee Pram 


and I <j Sm is defined as the subset rectangular matrix. 


We will illustrate this situation by some examples. Further 
even if we do not put Sc or Sr or Sg or Srect, the reader can 
follow by the very context. 


Example 2.1: Let 
P(X) = {Collection of all subsets of the set X = {1, 2, 3, 4}, 
that is the power set of X. 


S= (oy, th, 25, t4, 25, tL, 2, 3h, (Xb, C124, O 12,35) isa 


1 x 8 subset row matrix of the power set P (X). 


{3} 

(25 
{1,2} 
A= 0) is a 7 x 1 subset column matrix with entries 
x 


{} 
| 41, 2,3} 


from P(X) where X = {0, 1, 2, 3}. 
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6) 12,3} 2) B14} 
ee ae” ae) a a 
{2,1} {3,2} {3,4} {4,2} Xx 


{O} {2,45 {2,35 tO} tL 2,3} 


subset rectangular matrix with entries from the power set P(X) 
where X = {1, 2, 3, 4}. 


{o} xX {23 {23 3} 

x to} {3} {3} {AR 2,3} 
beRe {2,3}  {} to} tO} BF 2} 
et B= 

{3} {4} {4 EL2,3} {op 0X 

{44 {3,2} ob {I} {2} {4} 

{4,3} {3,2,4} {1,2,3} X  {1,4,3} 


be a 6 x 6 subset square matrix from P(X) where X = {1,2,3,4}. 


Example 2.2: Let X = {aj, a, a3, a4, a5, a6} be a set; P(X) the 
power set of X. Let 


j {a,,a;} i 
{a} 
{a,,a5} 
A= | {a,,a,,a,} | be the 6 x 1 subset column matrix 
tay} 
{5,464} 
x 


of P(X). 


Take B= (X, o, {a1, a2, 43, aa, as}, {ai}, {a3, a, ao}, {a6, ai}, 
{a, a3, a4}, {as, a1, act, >), B is a 1 x 9 subset row matrix with 
entries from P(X) of X. 
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{} {a,,4,,a5} {a,} X 
{as} {ag} {25,4} {as} 


Let C= {a,} Xx {O} {a,,4),43} 
{a,,4,43} {a,,a3} {a4} {a,,a5} 
| {a4.46.45$ {a,,a¢$ {46,8} xX 


be a 5 x 4 subset rectangular matrix of X or with entries from 
P(X). 


{ay} {a,f tas} {a,} {a,a,} | 
{aga} {ajay} fay} ) Xx 
p= xX 0) {ayag}  {aya,f {aa 5 
{aa,}  {ayagf {ag} tas} {a,a3} 
{a,a,a;} Xx {aj} {ayasag} fv) 


is a5 x 5 subset square matrix of X or with entries from P(X). 
Example 2.3: Let X=Z" vu {0}, 


P = {Collection of all subsets of X together with X and 9} 
be the power set of X. P is of infinite order. 


Let A = (pi, po, .--, Pia); pi € P, 1 <i < 14 be the subset row 
matrix of X or with entries from P. 


B= > pj € P, 1 <j < 19 bea 19 x 1 subset column 


Pio 


matrix of X = Z" U {0}. 
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Consider 


Pi Pir s+ Pio 
Po, Po ++ Prag 


Pi6st Prez + Pros 


C is a 16 x 9 subset matrix of X or with entries from P, pj € 
P31<i<16,1<j<9. 


Pu Pin Pasi 
Po Por + Piso 
P31 P32 + Piss 
Par Par ++ Pisa 


Let D= be a4 x 15 subset rectangular 


matrix of X or with entries from P. 
Now we have seen examples of subset matrices of a set. 


Next we show we can only define two operations on the 
subset of a set viz; U and - of subsets. 


Thus when the set under consideration is just a set with no 
operations on it we on this subset matrices define operations ‘VU’ 


and ‘~’. 


Let Cr = {Collection of all 1 x n subset row matrices with 
entries from a power set P(X) of X}. 


We can define ‘U’ and ‘A’ on Cr. {Cr, VU} is a semilattice 
or a commutative semigroup. 


{Cr, M} is a semilattice or a commutative semigroup. 
{Cr, U, M} Is a lattice. 


We will illustrate this situation by some examples. 
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Example 2.4: Let S = {Collection of all 1 x 5 subset matrices 
with entries from the power set P(X); where X = {1, 2, 3, 4, 5, 
6, 7, 8}} be a semigroup under ‘U’” i.e., {S, U} is a semilattice. 
Let A =({6,1}, {2,3,8}, {0}, X, {5,6,1,7}) and 
B=({1,7}, {2,3,4}, {5,6,7}, {3,8,6}, X) be in S; 


A UB=({6,1} U {1,7}, {2,3,8} U {23,4}, {6} U {5,6,7}, 
X U {3,8,63, {5,6,1,7} UX) 


AV LGTY, 12,548 hs 1Os07 fa By 2) 
Clearly AUB e&S. 
We see BUA=AUB. 
(S, U) is a commutative subset matrix semigroup. 
Example 2.5: Let Sc = {Collection of all 7 x 1 subset column 
matrices with entries from the power set of X, where 
XSL, 2, cee ZH E 


(Sc, A) is a semilattice. 


{1,12,5} Po 2A 
{3,10, 6} {5,10} 
{8,7,1 1} {8,2,4} 
Take A = x and B=| {7,6,5,4,2,3} | in Sc. 
{1,2,3,4, 5} {1,2,5,7,9,103 
ry {7,8,4,9,11} 
{12,6,3,9} | {12,10,9,7} 
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(1,12,5}. 0 {12,7} 
(3,10, 6} 0 {5,10} 
{8,7,11} 0 {8,2,4} 

We find A 0 B= XA{7,6,5,4,2,3} 
{1,2,3,4,5} 0 {1,2,5,7,9,10} 
b0{7,8,4,9,113 
| {12,6,3,9} > {12,10,9, 7} 


th 
{10} 
{8} 
= | {7,6,5,4,2,3} | is in Sc. 
{1,2, 5} 
tO} 
{12,9} 


It is easily verified (S, ~) is a commutative subset matrix 
semigroup (or semilattice) of finite order. 


Example 2.6: Let 


Sr=4|a; a, a, a, || aj © P(X) 


where X = {1, 2, ..., 19}, 1 <i < 12} be the collection of subset 
3 x 4 rectangular matrices with entries from P(X). 


We see {Sp, U} is a subset matrix semigroup which is 
commutative. 
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{6,2,]} 18,10! {19,1h {Xx} 
LetA=| {7,3,8}  (3,1,2,13,6} {10,34} {9,2,3} 


14,5,6,2,3} 44,1,10,7} xX vy) 
and 
b x {1,19,12,9} {9,7,18,6,3} 
B= | {3,9,11,14} {3,7,9, 2} {10,6,4, 9} 
{6,7,9} {10,8, 1} {16,9} Xx 
be in Sp. 
{6,2, } Ub {18,10} UX 


AUB=| {7,3,8}U 3,9,11,14} — {3,1,2,13,6} U6 
{4,5,6,2,3} U {6,7,9}  {4,1,10,7} U (10,8, 1} 


19,1} {1,19,12,9}  {X}U {9,7,18,6,3} 
{10,3,4} U {3,7,9,2} {9,2,3} U {10, 6,4, 9} 


XU {16,9} obUX 
{6, 2,1} x {1,19,12,9} {X} 

=| {3,9,7,8,11,14} {3,1,2,13,6} {3,4,2,7,9,10} {2,9,4,6,9,10} 
{4,5,6,2,3,7,9} {1,4,7,8,10} x x 


is in Sp. 
Thus {Sp, U} is a subset matrix semigroup (or semilattice). 
a, a, a; 


Example 2.7: Let Sp=4|}a, a; a, || ai © P(X) 


dy, Hy. Gg 


where X = {1, 2, 3, ..., 18}; 1 <i <9} be a3 x 3 square subset 
matrix of the set X. 
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{Sr, M} is a subset matrix semigroup / semilattice. 


Take 
{6,18, 5} ) {2,3,4,5, 6} 

A=] {7,8,9,10} {11,12,13} xX and 
{14,15,16,17} {18,1,2,5} {3,8,13,18} 
16,1,.5,015 {3,2} {4,5,6,8,10,11} 

B= | {3,8,5,10,11} xX {5,6, 7,8} 
{16,17, 1} {1,5,3,2,11,13} 1) 
in Sr. 
To find 
{6,18,5}0 {6,1,5,1]} 60 3,2} 
ACB = | {7,8,9,10} > {3,8,5,10,1 1} {11,12,13} AX 


14,15,16,17} 0 {16,17,1}  {18,1,2,5}. 0 {15,3, 2,11,13} 


{2,3,4,5, 6} 0 {4,5,6,8, 10,11} 


XA {5,6,7,8} 
3,813, 18} Ad 
{6,5} o {4,6,5} 
=| {810} {11,12,13} {5,6,7,8}| © Sr. 
16,17} {1,2,5} o 


It is easily verified Sp is a subset matrix commutative 
semigroup and is of finite order. 


6 > ¢ 
AN (O)=() where (o)=| o 6 
6 > ¢ 
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AM (X)=(A) and (X)= 


~*~ XK 
~*~ 


x 
X | is in Sp. 
x 


Example 2.8: Let Sy = {Collection of all subset matrices of the 


P; Po Ps; Py Ps Deo 


form | 
P; Pgs Po Pr Pui Pr 


| with p; ¢ P(X) where 


X = {1, 2, 3, ..., 10}, 1 <i < 12}. {Si, U} and {S,,, a} are 
subset matrix semigroups of finite order which is commutative. 


Let a-| oer 3,5} {4 b — {7,8,93 


{5,6, 7} o {8,9,10} {9,4} {89} 
and 


Be {9,7,3}: {3} {8} ) {7,6,4} {1,2,3, 4} 
7 X = {8,6,2} {7,9} {10,7,8,9} xX ) 


be in Sy. We find 


Apa OlGV 9.7.3) BIB — 4018} 
™ {5,6,7} OX  bU{8,6,2} {8,9,10! U {7,9} 
bUd (7,8, 47,64) MU 11,2,3,43 
{9,4}. {10,7,8,9} {8,9} UX bUd 


_ [10,6,9,7,3} {3,5} {8,4} 
x {8,6,2} {7,8,9,10} 


’ 


fv) {7,8,9,6,4} {1,2,3,4} 
{10,7,8,9, 4} Xx ) 
AU Bis in Sm. 
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ann-| > 3} } O 7 


Jewo. 
{5,6,7} > {9 {9} {89} 6 


Example 2.9: Let St=4|p; ps, || pi € P(X) where 


X = {1, 2, 3, 4, 5, 6}, 1 <i < 10}, (S, A) be the subset column 
matrix semigroup of finite order. 


a8 3,6} | [ {1,2} 4 
{2,4}  {1,2,3,4} X {1,2} 
LetA=| {5,1} i and B = | {3,5} {1,2,3} 
> {4,5,]} {6,3} 
{2,3,4} {1,6,5} | | o x 
be in Sr. 
{1 0) 
{2,4} {1,2} 
ANB=| {5} o | eSr. 
{6,3} 
> {16,5} 


This is the way M operation is performed. 


All the operations done on them are natural product x,. 
We see for any matrix A, 
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xX xX x 
mM aie OE : : 
I=/. , . | acts as the identity under ‘A’. 
xX X xX 
Pi Pr Ps xX X X 
ForifA=|p, p; p,| andI=|X X Xj] areinS. 
P; Ps Po xX X X 


AQNI=A=INA. 
However AUI=IUA#=I forall A, I €S. 


Further (0) U A= A and (d) \ A = 6 where 


b> .. o 
ot forallA €S. 


(=|. 
bo. 6 


Example 2.10: Let 
S= ]a, a; a, || a © P(X); the power set of X; 


where X = {1, 2, I, 21, 3, 31, 4, 41, 51, 5, 6, 61}} that is a;’s are 
subsets from the power set P(X) where set 
{1, 2, I, 21, 3, 31, 4, 41, 5, 51, 6, 61} = X. 


o x (6,1, 61} 
That is if A = {I} {2,21} cy) and 
3,31 DB {6I, 51, 1,5, 2} 
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3,31,6,61,2,2n 30 o 
B= {X} {4,412} (31,2! | are in S. 
£6,51,5,41 o X 


We find AUBand AB. 


3,31,6,61,2,21} x (6,61, [} 
AUB= x (2,21,4,45 31,2} | €S. 
3, 31,1,5,51,41,6} o x 
do {31} 0) 
ANB=|{} {2} o is in S. 


> {61,51,1,5,2} 


This is the way U and © are defined for any arbitrary power 
set P(X) of the set X and the subset matrices take its entries 
from P(X). 


Example 2.11: Let 


a, ay 


where X = fir, 3ip, Sip, ip, 2, 4, 6, 8, 9, Vir, 0, 1, Sir} C C(Zi0), 


ay € P(X) 


1<i<4} 
be a subset of square matrices. 
{S, U} and {S, M} are subset matrix subsemigroups. 


We just show how the operations are performed on them. 
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{6,8,9,9i,,2i,} X  {3,2i,} 
Let A=| {8,0,Li,,5i,} {3} {9,9i,,1} | and 
fi,,2i,,5i,} x 


{8:19 Dey {21,.3, 051} 
B= x {8} ) be in S. 
{1,2,4dg52in} 2  10,1,2,4,6,8,93 


{8,9,9i,} X 3,2i,} 
ANB=| 8,0,Li,,5i,} > b 
Qin,ip} {0,1,2,4,6,8,9} 


{6,8,9,9i,,2i,,8i,} X  {0,3,1,2i,} 
AUB= x {8,3} {9,1,9i,} 
{1,2,4,i,,2i,,5i,}  X x 


AUBandANBeSforA,BeS. 


Example 2.12: Let 


a, a, 
a, a, 
— ff as a6 TS, 3 
s= a, € P(Zs (g)); 8 =0, 15152} 
a, ag 
ay Ay 
A, Ay | 


be the collection of 6 x 2 subset matrices. 
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{0,2,2¢,3+4g} {1,2,3,¢g,2+3g,¢+l]} 


{4g + 4,2g,3g,1+ 2g} 
rae xX 
Let A= { 8} and 
X {2,2g} 
{L.g,2g} {4,4g, 3} 
{g,1+ 2g,3g} ) 
xX {2g,3g,4,4g} 
(3,4, 1} ) 
22 <1, vy? 3 4 . 
pa| 22818 (8,28,38.48} | og 
{} X 
{1,2,3,4,0} {l+g,2+g,3+g} 


| {1,g,2,22,3,3g} {4+92,4g,2g,3g,2} 


We find A Band A UB. 


{0,2,2g,3+ 4g} {} 
0) 0) 
2; 2g,3g,4g, 
AAB= {2,8} {2g,3g,4g, 8} 
) {2,2g} 
{h} 0) 
{g,3g} 0) 
AUB= 
X {1,2,3,g,2 + 3g,¢+1,2g,3g,4,4g} | 
3,4.) {4g + 4,2g,3g,1+ 2g} 
{2,3,g,2g,1} xX 
x xX 
{1,2,3,4,g,2g} {2,2g,1+g,2+g,3+g} 


{g,1+ 2g,3g,1,2,2g,3} 


{4+9,4¢,2g,3¢,2} | 
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Clearly AUBandANB eS. 


Now we see the subset matrix can be given two operations 
simultaneously say; U and. 


If S is any subset matrix with entries from a power set P(X) 
of a set X, certainly {S, U, M} is a distributive lattice. If X is of 
finite order so is S. 


We will illustrate this situation by some examples. 


Example 2.13: Let 


S= 4] a, || ai € P(X); 


where X = {1, 2, 3, 4, 5, 6, 7, 8}; 1 <i<5} 
be a subset 5 x 1 matrix; (S, U, 4) is a subset lattice of P(X). 


Example 2.14: Let 


a, 413 
a, a4 

S= . ; where a; € P(X), 
Ai» A, 


X = {8, 1, 71, 3+41, 5, 8143, 91+4, -31, 5-41, 9+121, 201}, 
1<i<24} 


be the 12 x 2 subset column matrix of P(X). (S, U, O) is a 
distributive lattice of finite order. 
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Example 2.15: Let 


‘ a; € P(Zj2(g)) 


a a a a 


13 14 15 16 


where X = {Z (g) = {atbg} | a, b € Zp, g =(0} 


be the set of dual modulo integers 1 < i < 6} be the subset 
square matrices. 


{S, A, U} is a distributive lattice. 


6 > > 6 
Infact A U {b} = A where = eae oe forall A €S. 
6 >6 > 6 
6 > > 6 
A (0) = (o) for all A € S. 
xX X X X 
a KM 
A (X) =A where X = and 
xX X X X 
xX X X X 


AU (X)=X forall A € S. 


Example 2.16: Let S = {6 x 10 subset matrices with entries 
from the power set. P(X) where X ={1,2,3, ...,16}}, {S, U, a} 
is a lattice. 


Now having seen examples of semigroups, lattices and 
semilattices of subset matrices with entries only from a power 
set P(X) of a set X. 
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We now proceed onto define substructures of them. 


DEFINITION 2.2: Let S be a semigroup of subset matrices of a 
power set P(X)of a set X under the binary operation ‘U”. Let P 
CS if (P, VU) is itself a semigroup of subset matrices under Uwe 
define (P, L) to be a subset matrix subsemigroup of S. (This is 
true if U/is replaced by the operation -). 


We define a subset matrix subsemigroup (P, L) to be a 
subset matrix ideal if for all p € P ands € S, ps is in P 
(p Us € P incase (S, 7) is the subset matrix semigroup taken 
for working). 


We will first illustrate this situation by some examples. 
Example 2.17: Let S ={Collection of all 3 x 3 subset matrices 


with entries from the power set P(X) where X = {0, 1, 2, ..., 
19}} be a subset 3 x 3 matrix semigroup under U. Take 


a, a, a3 
P=,|a, a, a, || ai € P(Y) 
ay aya 


where Y = {0, 1, 2, ..., 10} ¢X;1<i1<9} cS; 
(P, UL) is a subset 3 x 3 matrix subsemigroup of X. 
Clearly (P, U) is not a subset matrix ideal of S. 


{0,1,2} {3,4} {5,6} 
For take A = {10} {9,6} {3,6} | in P. 
{1,2,3,4,5} {9,10,1} {7} 


9.12} {7,16} 3,14} 
LetB=| {16} {6,8,15} {19,13,1} | €S. 
{5,6,16} {7,8} (2 
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We find AUB 


{0,129,125 {3,4,7,16} — {3,5,6,14} 
= {10,16} £6,8,9,15}  {3,6,1,13,19} |. 
(1,2,3,4,5,6,16} {7,8,9,10,13 (2,73 


Clearly AUB ¢ Ponly AUB €&S. So P is not an subset 
matrix ideal of S. Thus P is only subset matrix subsemigroup of 
S. 


Example 2.18: Let S = {Collection of all 4 x 3 subset matrices 
with entries from the power set P(X), where X = {1, 2, ..., 10}} 
be the subset matrix semigroup under the operation ‘%’. 


Take P = {Collection of all 4 x 3 subset matrices with 
entries from the power set P(Y) where Y = {2, 4, 6, 8, 10} c 
X}; {P, M} is a subset 4 x 3 matrix subsemigroup of S. We see 
{P >} is also a subset 4 x 3 matrix ideal of {S, M}. 


Inview of these two examples we give the following 
theorems. 


THEOREM 2.1: Let S be a subset matrix semigroup under ‘U”. 
Let {P, U} be a subset matrix subsemigroup of S. {P, VU} is not 
an ideal of {S, UY. 


Proof is left as an exercise to the reader. 
THEOREM 2.2: Let {S, 7} be a subset matrix semigroup under 
the operation >. Let (P, 7) be a subset matrix subsemigroup of 


S (P, 7) is a subset matrix ideal of (S, 7). 


The proof of both the theorems are direct and hence left as 
an exercise to the reader. 


Example 2.19: Let S = {Collection of all 1 x 7 row matrices 
with entries from P(X) where X = {g, 1+g, 2g, 5g, 3g, 6g, 4g, 
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2+3g, 5+6g, 1, 2, 3, 4, 5, 6, 3+2g, 6+6g, 5+5g, 44+4g}} be a 
subset | x 7 row matrix semigroup under U. 


Take P = {(a; @ a @ a3 @ ag) | aj € P(X), 1 <i < 4} CS be 
the subset 1 x 7 row matrix subsemigroup of S under VU. 
Clearly (P, VU) is not a subset | x 7 row matrix ideal of S. 


For if A = ({3, 2g, 3g}, {5+5g, 4g}, {1+g, 2g, 3g}, {444g}, 
{6+6g, 5+5g}, {6g, 4g, 5g, 3g}, {1,2,3,4}) e S and B = ({2g, 
5+5g}, o, {6+6g, 2+3g}, b, {1,2,3,4,5}, o, {1+g, 2g, 3g, 4g, 5g, 
6g}) eP. 


We see A U B = ({3, 2g, 3g, 5+5g}, {4g, 5+5g}, {l+g, 2g, 
3g, 6+6g, 2+3g}, {4+4g}, {6+6g, 5+5g, 1, 2, 3, 4, 5}, {6g, 4g, 
5g, 3g}, {1, 2, 3, 4, l+g, 2g, 3g, 4g, 5g 6g}) € P. 


Thus {P, VU} is only a subset 1 x 7 row matrix 
subsemigroup of S and is not a subset 1 x 7 row matrix ideal of 
S. 


Example 2.20: Let S = {Collection of all 5 x 3 matrices with 
entries from P(X) where X = {C(Zjio)}} be the subset 5 x 3 


matrix semigroup under ™. 


Let P = {Collection of all 5 x 3 subset matrices of the form 


(3g, 1} {2 + 2g,10,6,8} 
0) {5,6, 7g} 0) 
{8+ 3g,2g} o {1+ 2g,3g,4g} 
C {1,2,3,4,5, 6,7} C) 
xX {g,2¢,3g,4¢,5g} {1+2¢,1+3g,1+4g,1+5g} 


entries of P are form P(X)} cS; (P, 4) is a subset 5 x 3 matrix 
subsemigroup as well as subset 5 x 3 matrix ideal of (S, 7). 


For take A € S and B € P, we see AM B é€ P, hence the 
claim. 
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Thus under all conditions if (S, M) is a subset matrix 
semigroup. All subset matrix subsemigroup are subset matrix 
ideals of (S, >). 


Example 2.21: Let S = {Collection of all subset 3 x 5 matrices 
with entries from the powerset P(X) where X = {C (Zs) (g) =a 
+ bg | a, b © C(Zs), g” = g}} be the subset 3 x 5 matrix 
semigroup under ™. 


Let P = {Collection of all subset 3 x 5 matrices with entries 
from P(Zsg) < P(X)} be the 3 x 5 matrix semigroup under -. 
P is a subset 3 x 5 matrix ideal of S. 


If the operation ‘~ is replaced by U certainly; P is not a 
subset matrix ideal of S. 


Example 2.22: Let S = {Collection of all 8 x 8 matrices with 
entries from P(X) where X = Q} be the subset 8 x 8 matrix 
semigroup under M (or U). Clearly S is of infinite order. S has 
subset 8 x 8 matrix subsemigroups and ideals under -. 
(However S has subset 8 x 8 matrix subsemigroups which are 
not subset 8 x 8 matrix ideals of S under VU). 


Now we proceed onto define in case of subset matrix 
lattices with entries from a power set P(X) the concept of 
sublattice of subset matrices, ideals of subset matrices and 
filters of subset matrices. 


We just give an informal definition of these notions. 


Consider S = {Collection of all m x n matrices with entries 
from a powerset P(X) of the set X}, (S, U, A) is a lattice of 
subset m x n matrices. 


Let {P, A, U} c {S, U, m}, if P by itself is a lattice of 
subset m x n matrices we define {P, 4, U} to be the sublattice 


of subset of m x n matrices or subset m x n matrix sublattice 
of S. 
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A subset (P, VU) is a subsemilattice of subset matrices (S, U) 
and for all p ¢ Pands € S, pos € P then P is defined as the 
subset matrix ideal of the subset matrix lattice S. 

If {F, A} is a subsemilattice of subset matrices and for all 
s €¢ S and fe F;s Uf e€ F; then we define F to be a subset 
matrix of filter of the subset matrix lattice of S. 


We will illustrate both the situations by some simple 
examples. 


Example 2.23: Let 
{: i 
S= 
c d 
be a lattice of subset matrices. 


a b 
Take P = 
{: i 


{P, U} is a subset matrix ideal of S. {P, A} Cc S is a subset 
matrix of sublattice of S. 


a, b, c, d € P(X) where X = {1, 2, 3, 4, 5, 6}} 


a, b,c, d € P(Y); Y = {1, 3, 5}} cS, 


Clearly P is not a subset matrix filter of S. 


For ifs = {6,1} 33 and p = le ) eP 
{1,2,4$ {4,6,5} {5} {5,}} 
Car . ie o 
{P, M} is also a semilattice sos M p= eP 
d {5} 


{1,3, 6} {2,3} s 
{1,2,4,5} {4,6,5,]} ° 


so P is not a filter of S. 
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We see P is not a filter but P is a ideal of subset matrix 
lattice. 


Example 2.24: Let 


ee * a ‘ 
Be ip Ba Ay 


X= 11,9, 18), T2128) 


a, € P(X); 


be the subset matrix of lattice. 


ie & a, a, a 
a; a6 a; ag 


Y = {1, 3, 5,7, 9, 11, 13, 15, 17}; 1 Si< 8} CS; {P,U, A} 


a, € P(Y); 


and {P, A, U} are just subset matrix sublattices of S. 


{P, U} is a subset matrix ideal of S; {P, M} is not a subset 
matrix filter of S. 


Interested reader can find examples of subset matrix ideals 
and subset matrix filters. 


Now we proceed onto define subset matrix of a semigroup. 


DEFINITION 2.3: Let S = {Collection of all m xn matrices with 
entries from a semigroup P, under product x}. If for A, B € S 
we define in A x B; the product of subsets as product operation 
in the semigroup. Then (S, x) is again a semigroup called the 
subset matrix semigroup of the semigroup (P, x). (The x can 
be usual product of matrices or natural product x, of matrices). 


We will illustrate this situation by some examples. 
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Example 2.25: Let S = {collection of all 1 x 5 row subset 
matrices from the subset of the semigroup P = {Z,, x}}. 


Take A =({0, 2}, {1}, {3,1}, {2,3}, {1,0}) 

and B = ({0,1,2}, {0,1}, {1}, {1,2},{3,1}) in. 

We see A x B= ({0,2}, {0,1}, {3,1}, {2,0,3}, {3,1,0}) € S. 
Clearly $ ¢ S. 


(S, x) is a commutative subset row matrix semigroup of the 
semigroup {Z4, x}. 


Example 2.26: Let S = {Collection of all 7 x 1 subset matrices 
from the subsets of the semigroup {Z., x}}, be the subset matrix 
semigroup of {Z., x}. 


[ {0,3} 1 {0,5,2} 
{5,2} {1,2} 
IfA= ae and B = ae are in S. 
{5,1,4} {3,4,5} 
{4,]} {1,4,2,5} 
L LZ, | {2,3,4, 0} 
{0,3} 
{5,2,4} 
Ax B= aon 
{3,2,1,4,5} 
{1,4, 2, 5} 


L 


Subset Matrices | 33 


Example 2.27: Let 


S= ]a, a, a, || a belongs to the subsets of 


7 ag ay 


the semigroup {Zs, x}; 1 <i< 9} 


be the subset 3 x 3 square matrix semigroup of the semigroup 
{Zs, x}. 


Take 
{0,1,2,3} {5,6,1} {4,2,6,0} 
A=] {0,3,7} {2,5} {6,7, 1} | and 
{0,1,4,6} Z, {3,6,7,1} 


(0,1,4} {72% {5,6} 
B=| {6,5,4} {3,7} {3,03 | inS, 
Z,  {3,1,2} {0,6,2} 


{0,1,2,3,4}  {7,2,1,4,3} {2,4,0,6} 
Ax B=| {0,2,7,5,4,3} {6,2,3,7}  {0,2,5,3} | €S. 
vA 7: {0,6,2,4} 


Example 2.28: Let S = {Collection of all 2 x 7 subset matrices 
with entries from subset of {Z3, x}; the semigroup} be the 
subset 2 x 7 matrix semigroup of the semigroup {Z3, x}. 


Let A = ({0}, {1}, {1 2}, {1, OF, {2, OF, {1}, {23) and 
B=({1}, {0,1}, {23,{03,{13, {2,1}, {2,03) be in S. 


We find A x B= ({0}, {0,1}, {2,1}, {0}, {2,0}, {2,1}, {1,0}) 
is in S. Thus S is a subset 2 x 7 matrix semigroup of the 
semigroup {Z3, x}. 


34 | Subset Polynomial Semirings and Subset Matrix Semirings 


Example 2.29: Let S = {Collection of all subset 4 x 2 matrices 
with subsets from the semigroup {Zj0, x}} the subset 4 x 2 
matrix semigroup of the semigroup {Zio, x}. 


{5} {1,2,3, 4} 
3,4,5,6 2,7 
Let A= AAs 258} 12,7} and 
{1,2,3,4,5} {7,8,6,1,9, 4} 
{4,2,0} {1} 


{0,2,6,4,8} {1,3,5,7,9} 


2 
B= 25 vi be in S. 
{5,1, 0} {9,1,2,6} 
{7} {14,5} 
{0} {13,4,5,7,9, 2, 6,8} 
6,8,2 1 
AxB= 10582) 16,1} is in S. 
{5,1,0,2,3,4!  {7,8,6,1,9,4,3,2 
{8,4, 0} {1,4,5} 


Example 2.30: Let S = {Collection of all 5 x 2 subset matrices 
from the subsets of the semigroup P = {Z5, x}} be the subset 
matrix semigroup of the semigroup {Zjs, x}. 


{7,8}  {9,10,11} 
{12,13} {14,5,0} 
Take two subsets A, B ¢ S where A= | {1,2} {3,4,5} 
{6,7} — {8,9,10} 
{11,12} {13,14, 0} 


and 
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{1,2,3,4} {2,3} 
{5,6,7,8} {6,7} 

B=| {9,10,11,12} {10,11} | eS. 
{13,14,0,1} {14,0} 
{2,3,4,5} {3,4} 


£7,14,6,13,8,1,9,2}  {3,12,5,0,7} 
£0,12,9,6,5,3,1,14  {9,0,5,8} 
Ax B= | {9,10,11,12,3,5,7,9}  {3,10,14,5} | eS. 
{6,0,3,9,7,18} {0,14,5,6} 
£7,3,14,10,9,6}  {0,9,12,7,11} 


Thus {S, x} is a subset 5 x 2 matrix semigroup of the semigroup 
{Zis, x}. 


Example 2.31: Let S = {Collection of all subset 2 x 5 matrices 
with entries from the subsets of the semigroup {Z\2, x}} be the 
subset matrix semigroup of the semigroup {Zj, x}. 


Laa=(0 {4,6,7,8,1} {3} {1,3} a 


{1,25 th {5,0} {7,2} tO} 


map= (0, {8,1,5,9} {5,2} {4} {0} 


Jv in S. 
{8,9} {10,1 {3} {6} {7,9} 


{0,4,6}  {8,4,6,9,5,1} {6,15} {4} o 
AxB= eS 
{8,9,4,6} {10,1} {0} {6} {0} 


Now we have seen several subset matrix semigroup of the 
semigroup. 


We now study the structure using the group. 
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Example 2.32: Let S = {Collection of all subset 3 x 5 matrices 
from the subset of the group {Z7, +}} be the subset matrix of the 
group {Z,, +}. 


{0} {2} 13,45 tH 16} 
LetA=| {2,1} {0} {5} = {O}_— {2}: | and 
13,2} {} G51) {61} 3,2} 


1,2} {0} ~— 13,5} {6,2,3} 3} 
B=| @B} {12} {61} {5} — {1,2,3,4}] bein. 
(1,2,3} {4,5,6} {1,2} {4,60} {1,0,3,5} 


Now 
A+B= 
{1,2} {1,2} {4,6,1,5,0,2} {0,3,4} {2 
{5,4} {1,2} {6,4} {5} {3,4,5, 6} 
{2,3,4,5,6} {5,6,0} {4,6,2,5,0,3} {3,5,6,1,0} {4,3,6,1,2,0,5} 


eS. 
(S, +) is a subset matrix semigroup of the group. 


Example 2.33: Let S = {Collection of all subsets 3 x 3 matrix 
with entries from the subsets of the group {Zj2, +}} be the 
subset 3 x 3 matrix semigroup of the group order +; i.e., {S, +} 
is a semigroup. 


{3,7} {0} {6,5} 
LetA=| {1,2,3}  {0,6,8} —{5,6,7,8,9}| and 
(10,11,0} {1,2,3,4,5}  {6,7,8,9} 
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{1,2} {3,4,5,6,7} {89,10} 
B=| “l  {0,1,2,3,4} {5,6} | bein. 
{7,8,9: {10,11} 0, 1,2} 


We find A+ B= 
{4,8,9, 5} {3,4,5, 6, 7} {2,3,4,1} 
{0,1,2} {0,1,2,3,4,7,6,8,9,11,10}  {11,0,10,1,2,3} | €S. 
{7,8,9,5, 6 {11,0,1,2,3, 4} {6,7,8,9, 10,11} 


(S, +) is a subset 3 x 3 matrix semigroup of the group G. 
Example 2.34: Let S = {collection of all subset 2 x 4 matrices 
with subsets from the group G = {1, g, g’, ..., g where g° = 1}; 


under x} be the subset 2 x 4 matrix semigroup of the group 
{G, x}. Let us take A and B in S where 


a-( (8) (ee a 
‘Le.g} {} {3} {I} 


and 


2-3-5 5 4 
p-| G {Lg} {g’g".8".hg} yee: 


{gg} {g°} {1} {l,g.g°.2°} 
AxB= 
G {g,2°,.2°} (Lege 22} a 
{g,g.g.¢ 2.1  {g} {g} {l,g,g°,g°} 


is in (S, x). 


(S, x) is a subset 2 x 4 matrix semigroup of the group 
G={g|g°= 1}. 
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Example 2.35: Let S = {Collection of all subset 8 x 1 matrices 


from the subsets of the group (Z,+)} be the subset 8 x 1 matrix 
semigroup of the group Z under ‘+’. 


0,.1-B | {1,2} 
{2,—-3,6} {3,4 
{-8,-11,-5} {5,6} 
Let A= iy and B = ve) be in S. 
{-I} {9,10} 
{0} {11,12} 
{-7,8,9} {13,14} 
{-10,12} | {15,16} | 
{0, 2,3, 1} 
{5,6,0,1,9,10} 
{-3,-2,-6,-5,0,-1} 
Now we find A+ B= 18,93 eS. 
{8,9} 
{11,12} 
{6,7, 21,22, 23} 
{5,6, 27,28} 


Thus (S, +) is a subset 8 x 1 matrix semigroup of the group. 
Clearly this semigroup subset matrix is of infinite order. 


Now we proceed onto give illustration of substructures of 
subset matrix semigroups. 


Example 2.36: Let S = {Collection of all subset 2 x 2 matrices 


with subsets from the group, {Q” \ {0}, x} be the subset 2 x 2 
matrix semigroup of the group {Q’, x}. 
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12,354,530 rN) 
Let A= { } W7 ¥3} and 
{5,8,11/2,7} (3V7,5V3,10,11} 


B= 14,3) (7V7,3V3,3} be in S. 
{7,8, 1} {1,2} 
{4,8,12,16,20, 28, {49,9,7/21,3V21, 
3,6,9,15,21} 5./7,5V3} 
AxB= E 
(35,40,5,56,7,64,8,77/2, {3V7,5V3,10,11,22, 
4,11/2,49} 20,6/7,10V3} 


Example 2.37: Let S = {Collectiin of all subset 3 x 2 matrices 
with entries as subsets from the semigroup {Z1., x}} be the 
subset 3 x 2 matrix semigroup of the semigroup {Zj6, x}. 


Take P = {Collection of all subset 3 x 2 matrixces with 
subsets from the subsemigroup {0, 2, 4, 6, 8, 10, 12, 14} Cc Zi} 
Cc S} be the subset 3 x 2 matrix subsemigroup of S. 


{8.4} {0,2} 
Let B = | {2,4,6} {10,12} } and 
14,0}  {} 


{6,2} {4,6,8} 
A=| {0,4}  {0,4,6,10,12} | € P. 
{0,6,2}  {8,2,0} 


{0,8}  {0,8,12} 
AxB=| {0,8}  {0,8,12,4}| € P. 
{0,4,12} {0} 
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Infact it can be easily observed; P is an ideal of S. For take 
the same A € P and 


{3,5,2}  {0,11,7,5} 
M=| {2,4,11,3}  {0,13,15} | be in. 
{1,2,3,5}  {7,11,9,13} 


We find 


{6,10,4,2,14,12}  {0,12,4,8,2,10,14} 
Mx A= £0,8,12} {0,4,12,14,10,2,63 | € P. 
{0,2,4,6,10,12,14}  {0,14,6,2,10,8} 


Hence P is a subset matrix ideal of the semigroup we can 
have subsemigroup which are not ideals in this case also. 


Example 2.38: Let S = {Collection of all subset 6 x | matrices 
with entries from the subset of the semigroup {Z2, x}} be the 
subset matrix semigroup of the semigroup {Zy9, x}. 


Take M = {Collection of all subset 6 x 1 matrices from the 
subsets of the set {0, 5, 10, 15} C Zo} be the subset matrix 
subsemigroup of S. 


{0} | {5,10} | 
{5} {10,5} 
{10} {5,10,15} 
For take A = and B = eS. 
{5,10} {0} 
{5,10,15} {10,5} 
{0,5} | {5,10,15} | 
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(03 
{10,5} 
{10,0} 

{0} 

{5,10,0} 
{0,5,10,15} 


AxB= 


We see M is also a subset matrix ideal of the subset matrix 
semigroup of the semigroup S. 


Example 2.39: Let S = {Collection of all subset 1 x 5 matrices 
from the subsets of the group; G = {Z,, +}} be the subset 
matrix semigroup of the group G. 


Take M = {Collection of all subset 1 x 5 matrices from the 
subsets of the set {0, 2, 4, 6, 8, 10} c G} be the subset matrix 
subset of S under ‘+’. 


M is only a subset matrix subsemigroup and is not an ideal. 


For if 
RS 4a hs Ayo hl eto pe AiO, Uy By 2958, 2, Leddy pe S 
and A = ({2, 4, 6}, {8, 10, 0}, {2, 4}, {6, 2}, {8, 10!) e M. 


We see 
X+ A= ({5, 7, 9, 6, 8, 10, 11, 1}, £9, 11, 1, 3, 5, 11, 7}, 
{yl}. {4, 0, 35 4, 9,5}, 11, 11, 10,9, 7, 3, Of). M. 


So M is not a matrix subset ideal of the semigroup only a 
subsemigroup. 


Example 2.40: Let S = {Collection of all 3 x 1 subset matrices 
of the subset of the group, (Z, +)} be the subset | x 3 matrix 
semigroup under ‘+’. Take M = {Collection of all 3 x 1 subset 
matrices of the set {2Z, +} c (Z, +)} <S. M is only a subset 
matrix subsemigroup of S. Clearly M is not a subset matrix 
ideal of S. 
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{0,-3,9} {0,2,4,8} 
X=| {5,-7,1]} |e SandA=| {10,1664} | eM. 
{13,15,49} {120,-144,80} 


{0,-1,1,5,9,11,13,17} 
X+A= {15,21,69,3,9,57,21,27, 75} ¢ M: 
{133,-131,93,135, 129,95, 169, —95,3 1} 


so M is not a subset matrix ideal of the subset matrix 
semigroup S. 


Example 2.41: Let S = {Collection of all 6 x 1 subset matrices 
with entries from the subsets of the group S3} be the subset 
6 x 1 matrix semigroup of the group. Clearly S is a non 
commutative subset matrix semigroup of finite order. 


Let P = {(a1, a2, a3, a4, {e}, {e}) | a; e {subsets of the set e, 
pi} | <i< 4} CS be the subset matrix subsemigroup of the 
group S3. 


Take A and B in P where A = ({e, pi}, {pi}, {pi. e}, {fe}, 
te}, {e}) and B= {{pi}, {pif. tes, te}, fe}, te}) be in S. We 
see A xB = (18, Pi}, {e}, {Pi e}, {e}, {e}, {e}) eS. 


Thus P is a subset matrix subsemigroup of the group 83. 
Clearly P is a commutative subset matrix subsemigroup of the 
non commutative subset matrix subsemigroup. Further P is not 
a subset matrix ideal of the subset matrix semigroup S of the 
group S3. For take 
M= {{e, pa}, {ps}, {pa}, {e, Pa, Ps}, {p4, ps}, {p3}) € S and 
A= ({pi}, 1, pit. {pi}. {pi}. tet, te}) © P. AM = ({pi ps}, 
{Ps Po}, {Ps}, {Pi P2, Ps}, {pa, Ps}; {p3}) é P. 


MA = ({pi po}, {Ps P3}, {P2}, {P1, Po, P3}, {P4, Pst, {p3}) € P. 


We see MA # AM and P is not a subset matrix ideal of the 
subset matrix semigroup S of the group S3. 
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Take M = {Collection of all subset 6 x 1 matrices with 
entries from the subsets of {e, ps, ps}} be the subset matrix 
subsemigroup of S. 


Example 2.42: Let S = {Collection of all subset 1 x 5 matrices 
with entries from the subsets of the semigroup S(5)} be the 
subset matrix semigroup of the symmetric semigroup S(5). 


We see S is also non commutative subset matrix semigroup 
of the symmetric semigroup. 


Example 2.43: Let S = {Collection of all subset 3 x 3 matrices 
with subsets taken from the group D27} be the subset 3 x 3 
matrix semigroup of the group D7. Clearly S is a non 
commutative subset matrix semigroup of the group D> 7. 


Example 2.44: Let S = {Collection of all subset 7 x 1 matrices 
with entries from the subsets of the group S29} be the subset 
7 x | matrix semigroup of the group S29 which is clearly non 
commutative. 


Example 2.45: Let S = {Collection of all subset 3 x 7 matrices 
from the subsets of the group G = Sx: x D»7} be the subset 3 x 7 
matrix semigroup of the group G. Clearly S is non 
commutative. 


Thus we can say in general a subset m x n matrix semigroup 
can have zero divisors if and only if the semigroup over which it 
is built has zero and the semigroup is also assumed to be under 
product. 


We will first illustrate this by some examples. 


Example 2.46: Let S = {Collection of all subset 5 x | matrices 
with subsets from the semigroup {Zj2, x}} be the subset 5 x 1 
matrix semigroup of the semigroup {Zj)2, x}. This subset 
matrix semigroup has zero divisors and idempotents. 
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(05 
{2,4,9} 
{45 
{6} 


Take A = 


{4,8} | 


we see A x B= 


Consider A = 


We see A? = 


{1,2,3,4,5, 6} 
{0} 
and B = {6,3} inS 
{4,8, 2} 
{6,3, 9} 
{0} ] 
{0} 
{0} | € S is a zero divisor in S. 
{0} 
{0} | 
| {4} 
th 
{| eS. 
{0} 
Lid} 
{4} 
{1} 
{9} | = A is an idempotent in S. 
{0} 
{4} 


Thus S has idempotents and zero divisors. 


| {6} | [ {0} 
{0,6} {0} 
Also take X=| {0} | € S we see X’= | {0} ]. 
{6} {0} 
| {0, 6} | | {0} 
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Thus we have seen S has idempotents, nilpotents and zero 
divisors. 


However now we are going to show S has elements which 
can contribute to dual like special dual like number and special 
quasi dual numbers. 


| {6} | {0} 
{0,6} {0} 
Take X=| {6} | © S. Clearly X= | {0}| so, 
{0,6} {0} 
L 165 | {0} 


this X can act for the generation of dual number a + bX as 


X? = ({0}). 


| {9} [ {9} ] 
{4} {4} 
Now take Y = | {4} | € S we see y= {4h | =Y. 
{9} {9} 
L {9 | 19} | 


Now this Y can be used to get the special dual like numbers 
of the form a + bY with Y’ = Y. 


| {8} ] [ (4) ] 
{3} {9} 
Finally consider Z = | {8} | e S. We see Via {4\ | =-Z, 
{3} {9} 
L185 | {9} | 


hence Z can be used to get special quasi dual numbers. 


So using subset matrix semigroup S we can have dual 
numbers, special dual like numbers and special quasi dual 
numbers. 
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Example 2.47: Let S = {Collection of all subset 1 x 6 matrices 
with entries from the subsets of the semigroup {Z3, x}} be the 
subset | x 6 matrix semigroup of the semigroup {Z3, x}. 


Take 
AA = ({0, 6}, {0,12,6}, {0,12}, {0,18}, {0,6,18}, {0,6,18}) eS. 
We see A’ = ({0}, {0}, {0}, {0}, {0}, {0}) that is a+ b A is the 
dual number collection for varying a and b reals. 

Infact S has zero divisors for 


X = ({6}, {0}, {6, 12}, {12}, {18}, {0}) and 


Y =({12, 18, {3, 5, 7}, {18}, {6$, {6, 12}, {1, 2, 3, 4, 5, 6, 
7}) are in S it is easily verified 


X x Y = ({0}, {0}, {0}, {0}, {0}, {0}), so S has zero 
divisors. 


S has idempotents also, for take 
X = ({9, 0}, {0}, {0}, {9}, {9, 0}, {9}) © S is such that 


X? = ({0,9}, {0}, {0}, {9}, {0,9}, {9}) = X so this X can 
serve as the special dual like number of S. 


Take P = ({8}, {27}, {8}, {27}, {8}, {27}) © S is such that 
P* = ({28}, {9}, {28}, {9}, {28}, {9}) 


= ({-8}, {-27}, {8}, {27}, {-8}, {-27}) € S; so P can 
serve as the special quasi dual element. 


It is left as an exercise to find such elements in subset 
matrix semigroup of a semigroup. 


Example 2.48: Let S = {Collection of all 7 x 1 subset matrices 
with entries from the subsets of the semigroup {Zj5, x}} be the 
subset 7 x 1 matrix semigroup of the semigroup {Z\s, x}. 


Take A = 


such that 


M= 


Subset 
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inS 


[ {6,12} {5,103 
{0, 3} {5,10, 0} 
{9,6,12} {5} 
{3,12,6} | € S; we have B=] {10} 
{12 {5,10} 
{6,0} {0,10} 
| {0,9,12} {0,10, 5} 
| {0} 
{0} 
{0} 
Ax B=] {0}]. 
{0} 
{0} 
L {0} 
Thus S has zero divisors. 
{0,6} | | {0,6} 
{10} {10} 
{0,6} {0,6} 
{10} | e Swe see M’= | {10} | =MesS. 
{6} {6} 
{0} {0} 
{0, 6} | | {0, 6} 


So S has nontrivial idempotent. 
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Example 2.49: Let S = {Collection of all subset 3 x 3 matrices 
with entries from the subsets of the symmetric semigroup S(8)} 
be the subset 3 x 3 matrix semigroup of the symmetric 
semigroup S(8). 


Clearly S has no zero divisors. 


Example 2.50: Let S = {Collection of all subset 5 x 3 matrices 
with entries from the subsets of the group So} be the subset 5 x 
3 matrix semigroup of the group So. 


Clearly S has no zero divisors or idempotents. 


Now having seen examples of zero divisors subset matrix 
structure we now proceed onto give examples of subset n x m 
matrix semirings over a semifield or a semiring. 


Example 2.51: Let S = {Collection of all subset 3 x 1 matrices 
with entries from the subsets of the semifield Z” U {0}! be the 
subset 8 x 1 matrix semiring of the semifield. 


Let A = ({03, {2, 4, 8, 9, 1}, {8, 5}) and 
B = ({4, 9, 8, 21, 28, 103, 148, 1}, {0}, {0}) be in S we see 
A x B=({0}, {0!, {0}) but A ¥ (0) and B (0). 


So A, B is a zero divisor of S that is why we can say S is 
only a semiring of subset matrices. 


Clearly S is not a semifield. Further S is of infinite order. 
Infact S is a commutative semiring. 


Now we give examples of subset matrices from semirings 
or semifields which are algebraic structures with two binary 
operations. 


Example 2.52: Let S = {Collection of all 2 x 5 subset matrices 
with entries from the semifield 
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be the subset matrix semiring of the semifield. 


uaa (OO {a} {a,,as} th {a,} ja 
{a,} {a,,a,} {a,,a,} {a,} {l,a,,a,} 


B _ {0,a,,a,} {a4} {a,,84,4;} {a,,0,a,} {a,,0,1} 
~ Uayas.a,} fa,,a,} {40,9 fa,,0,a,) 


be in S. ‘+’ is the lattice union and x is the lattice intersection. 


Atee ae {ay} {a,,44,a5,a,} {1} ag 
{a,} {25,3} {Lajsas} {a,,a,} {1} 


and 


AxB = {0,8,;8,58;} {By} {aps8,,0.} [O,a,a,} {0ja,} 
“A {ayana,} aj} (Oa,3,) 0.a,} -fLa,,0,)) 


Clearly A + B and A x B are in S. 


Example 2.53: Let S = {Collection of all 5 x 11 subset 
matrices with entries from the subsets of the semiring 
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be the subset 5 x | matrix semiring of the semiring. 


{0,a} | {a,b,c} 
{0,b, 1} {1,0,d} 
Let A = | {a,b,d} | and B= | {f,0,1} | bein S. 
{c,d, 0} {b,e, 1} 
{d,a,e} | {0,1} 
ta, 1} 
{1,c,b,d} 
AUB=| {La,b,d} | €S. 
{1,e, b,c} 
| {1,d,a,e} 
{0,a,f,e} 
{0,b, c,d, 1} 
A OB=| {a,b,d,1,0,f} | €S. 
{0,c,d} 
| {d,a,e,O} | 


Thus S is only a semiring. 
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{f} {e} 
{0} {a} 
For if X = | {d} | and Y =| {e} | eS. 
{b} {0} 
{e} {0} 
{0} ] 
10} 
We see XM Y = | {03 J; 
{0} 
{0} | 


thus S has zero divisors which proves S cannot be a semifield. 


Example 2.54: Let S = {Collection of all 1 x 4 subset row 
matrices with entries from the subsets of the semiring 


1 


0 


be the subset 1 x 4 row matrix semiring of the semiring. 


{0} {a} 
pase agave ee: 
{a} {b} 
th} {0} 
{0} 
we see X x Y = is a zero divisor so is not a semifield. 


10} 
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Example 2.55: Let S = {Collection of all subsets of 1 x 7 
matrices where the subsets are from the semiring 


a4 a3 


be the subset 1 x 7 matrix semiring. For S has zero divisors. 
Take A = ({0}, {aif, {bi}, {O}, {ac}, {as}, {O}) and 
B = ({ae}, {0}, {0}, {ai}, {0}, {0}, {1}) © S is such that 
A OB = ({0},{0}, {0}, {0}, {0},{0},{0}). So S is only a 
semiring. It is important to record at this juncture that even if 
the entries of the subset matrix are from the subset of a semfield 
still the resultant need not in general be a semifield in most 
cases it is a semiring. 


Example 2.56: Let S = {Collection of all subset 5 x | matrices 
with subsets from the semifield 
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be the subset matrix semiring. Clearly S has zero divisors S is 
only a semiring and not a semifield though the subsets are from 
the semifield. 


Next we proceed onto give examples of subset m x n 
matrices with subsets from a ring or a field. 


Example 2.57: Let S = {Collection of all subset 3 x 2 matrices 
with subsets from the ring Zj2} be the subset 3 x 2 matrix 
semiring of the ring. 


We see S in general is not a ring. S can only be a semiring. 
For subsets under any inherited operations never form a group 
only a semiring. But by this method we get many semirings. 


We find for A, B € S. 


BA {6,23 
Let A= | {4,0,10} {8,9,1} | and 
AL}  3,2,5,4} 


{5,2,7}  {8,0,5,3} 
B=| {12,3} {4,5,6,7}| €S. 
{8,9,10}  {11,0,3} 


{8,5,10,9,6,11}  {2,6,11,9,10,2,7,53 
A+B=| {5,6,7,1,2,3,11} {5,6,7,8,0,1,2,3,43 
{7,8,9,10,11}  {3,2,5,4,1,6,8,7} 


{6, 3,9, 8, 4\ {0, 6,4,10} 
AxB=| {4,8,0,10,6}  {8,4,0,9,5,7,6,3} |e S 
18, 9,10,453,2} 4950,6,10,3, 7,8} 


S is only a semiring for S has zero divisors. 
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Let 
{3} {6} {4,8,0}  {2,4,6} 
X= | {3,6} {0,9} |} and Y = {4 {4,8,0} | be inS. 
{9,6} {4,8} {8,4,0} {3,6,9,0} 
{0} {0} 
Xx Y=] {0} {O}}. 
{0} {0} 


Thus S is only a semiring and not a semifield. 


Now we give some more examples of subset m x n matrix 


semirings using fields. 


Example 2.58: Let S = {Collection of all subset 2 x 7 matrices 
with subsets from the ring Zio} be the subset 2 x 7 matrix 


semiring of the ring Zjo. 


S is only a semiring. S has zero divisors and idempotents; S 


is not a ring or a field or a semifield. 


Example 2.59: Let S = {Collection of all subset 4 x 2 matrices 
with entries from the subsets of the ring Z} be the subset 4 x 2 


matrix semiring of the ring Z. 
Clearly S is of infinite order. 


Let 


{3} {5,2} {5,-7}  {3,-25 
aa| 2 O84) apo| 22 8 
{0,5} {-1,3} {1,0,-1} {8,2} 


{-3,2} {-5,]} {0,-1,-2} {0,1,2,3} 


be in S. 
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{8,4} {8,0,3,5} 
{0,6,3, 9} {2,-3,12,17} = 
At+B= is in S. 
{1,0,-1L, 6,5,4} {7,1,5,1 }} 


{—3,2,—4,-5,1,0} {—5,1,—4,2,-3,3,-2,4} 


{15,-21} {15,—10,6,—4} 
{-1,2,-7,14} {-63, 72, —28, 32} ok 
AxB= isin S. 
{0,5,—5} {—8, —2, 6, 24} 
{0,3,-2,6,-4} {-5,1,-4,2,-3,3,-2,4} 
{0} {7,8,3} 
Let A= es and 
{0} {3,-9} 
{7,8} {0} 
{6,3,—2} {0} 
B= o Wee Ae) be in S. 
{7,3,—5} {0} 
{0} {8,0,-40,-59} 
{0} {0} 
AxB= EA) , 
{0} {0} 
{0} {0} 


Thus S is only a semiring and not a semifield as S has zero 
divisors. 


Example 2.60: Let S = {Collection of all 5 x 2 subset matrices 
with entries from the subsets of the field Z;} be the subset 5 x 2 
matrix semiring of the field Zs. 
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[ {0,3} {0,1,4} | {2,1} {4,1,2} 
{2,3} {4,0,} B} {4,3} 
LetA=] {4,1} {2,1} | andB=] {2} {4 be in S. 
{0} 3,14} {0,3} {2,0} 
L {1,2} © {3,4} | th} {2} 


{2,1,0,4} {4,1,2,3,0} 
{0,1} {4,3, 2,0} 


A+B=|/ 2,3 0,1} | eS. 
{0,3} {0,3,1,4} 
2,3} {0,1} 


{0,1,3} {0,4,1,2,3} 
{1,4}  {0,4,1,3,2} 
AxB=| {3,2} {3,4} eS. 
{0} {0, 2,3, 1} 
{1,2} {1,3} 


Thus S is a semiring for S has zero divisors. 


0} = ] [aG2s3y 3; 40}. 
{2} {0} {OF {3,45 
A=| {0} {1,2,3}) andB=| {4,2} {0} | beinS. 
{O} 4,3} {1,2,3} {0} 
1,2} {0} | L {0} = {1,4,2} | 
{0} {0} 
{0} {0} 
It is easily verified A x B= | {0} {0}]. 
tO} {0} 


{0} {03 
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Example 2.61: Let S = {Collection of all subset 4 x 3 matrices 
with entries as subsets from the field Q} be the subset 4 x 3 
matrix semiring over the field Q. S is of infinite order S has 
zero divisors so S is not a semifield. 


Example 2.62: Let S = {collection of all subset 5 x 5 matrix 
with entries from the subsets of the ring Z4)} be the subset 5 x 5 
matrix semiring of the ring Z4. S is a semiring with zero 
divisors and idempotents. 


Example 2.63: Let S = {Collection of all subset 2 x 6 matrices 
with entries from the subsets of the ring C(Z)2)} be the subset 
2 x 6 matrix semiring of the complex modulo integer ring 
C(Z)2). S has zero divisors and idempotents. 


Infact using S we can get dual number g € S with g’ = 0 
and special dual like numbers g; € S with g/ = g, and special 


quasi dual numbers g> with g5 =—g). 


Thus S is a rich structure in getting dual numbers, special 
dual like numbers and special quasi dual numbers. 


Example 2.64: Let S = {Collection of all subsets 3 x 2 matrices 
with entries from the subsets of the ring C(Z) (g) with g* = 0} 
be the subset 3 x 2 matrix semiring of the ring C(Z7) (g). 


{g,2g,4g} {0} 
Let A= {5,2} {g,3,2} | and 


{4,3,2g}  {2,3g} 
{g,6g}  {2+2g,4+4g} 


B=| {2+3g,2g} {3+2g,5+g} | beinS. 
{4g, 2} {2+g,5¢+]} 


To find A + B; 
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A+B= 


{2g,0,3g, 25g} {2+2g,4+ 4g} 
(3g,2+2g,5+22,4+3g} {3+3g,5+2¢,6+2g,¢+1,5+2g,g} 
{4+ 4¢,3+4¢,6¢,4+2,3+g,3g} {4+2,2+4g,5¢+3,g¢+1} 


isin S. 
AxB= 
{0} {0} 
{3+ ¢,3¢,4+6¢,4¢! {3¢,5¢,2+6¢,1+3g,6¢+42,3+2g}] eS. 
{2g,5g,4g,3g} {4+ 2g,3g + 2,6g,3g} 


This is the way operation are performed on S. 


It is easily verified S is not a ring or a field or a semifield 
only a semiring. 


Infact the notion of subset matrices have paved way to 
construction of infinite number of finite semirings. 


Except for this we would not be having finite semirings 
barring distributive lattices. We also get non commutative 
semirings of finite order. 


Example 2.65: Let S = {Collection of all subset 2 x 7 matrices 


with entries from the complex modulo integer dual ring C(Z30) 


(g, g1) where g = g” = gig = gg, = 0} be the subset matrix 


semiring of the ring C(Z30) (g, g1). 


S has zero divisors units, idempotents, dual elements, 
special dual like numbers and special quasi dual numbers. 


Now having seen examples of semirings of subset matrices 
we now proceed onto define / recall some properties enjoyed by 
these rings. 
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Some of these subset matrix semiring contain subsets which 
are semifields or rings. Such structure study is interesting and 
innovative. 


Example 2.66: Let S = {Collection of subset 3 x 1 matrix with 
entries from the semifield Q* U {0}! be the subset matrix 
semiring of the semifield Q* U {0}. 


S has zero divisors and no idempotents. S has substructures 
like subsemirings and ideals. We can think of idempotents in 
subset matrix semirings only when it is defined over Z,, C(Z,), 
Z or Zn (1, 82, 83) or C(Zn) (Zi, Zo, ¥3) or Boolean algebra or 
chain lattices or other distributive lattices. We have elaborately 
discussed about these. 


Now we can not give the set theoretic ‘U’ or ‘’ when S is 
built over semirings or rings or fields as the collection will not 
contain the empty set. However by adjoing the empty set we 
can give the set theoretic operations on them so that S becomes 
a semiring. 


To this end we will illustrate by some examples. 


Example 2.67: Let S = {Collection of all subset 1 x 5 matrices 
with entries from the subset ring Z.(g) with g? = g} be the 
subset | x 8 matrix semiring of the ring Z,(g). 


Take S; = (S U 6), now on S; give the two set theoretic 
operation U and q then {S,, U, M} is semiring. 


Let A = ({2 + 2g, 3g, 0}, {4g}, {3g+5, 2+2g, g}, {gt5, 
3gtl}, {gtl, 2g+2, 3g+3}) and B = ({g, g+3}, {3g + 2, 2+4g}, 
(3426, 4140, 0), ioe, gee 4h (e, 4e 2, 28-3} )-e Si: 


AU B= ({2 + 2g, 3g, 0, g, g+3}, (4g, 3g + 2,2 + 4g}, {3g 
+ 5, 2+2g, g, 3+2g, 444g, g}, (5g, 3g+4, gt5, 3gtl1}, {g, 4g+2, 
2g¢+3, gt+1, 2+2g, 3g+3}) eS). 


We can find A B= ({O},{OF, {8h {OF tOF) € Si. 
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Thus (S;, U, A) is a semiring. 


Example 2.68: Let S = {collection of all subset 2 x 5 matrices 
with entries from the subsets of the ring Z)5(g) where g’ = 0} be 
the subset 2 x 5 matrix semiring of the ring Z\5 (g), S;} = (SU 


). 


Clearly this semiring has dual numbers, special dual like 
numbers and special quasi dual numbers. S, has zero divisors, 


idempotents and also S, is not a semifield. 


fies > {10,g,3g} {0,7g,1} {2¢+4,5g} Bgl} | 
{2g} {4+g} {3,53} {1} d | 
7 3} {2+g,4} Gg+2} {5g+13g} {12g} | 
{4g} {2+3g} tg} fg 3 +48} | 
we find AUB 
_ 3} 10, g,3g,2+2,4} 3g+2,1,7g,0} 
{2g,4g}  {2+3g4+g} (3,8,53} 


{2g +4,5g,5g+13g} {1 re 
{l,g} {3+ 4g} 


and 


eS; 
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A+B= 
14,4+9,4+3¢,12 
gy Ut4te4+3e 1248, oo 513 10842} 
2+2g,2+4g} 
{6g} {6+ 4g} {g+3,6g} 
{7g+5,10g+1, {2,3g¢+1, 
5g+4,8g} 1+2g,5g} 
{1+ g,2} {3+ 4g} 
We seeA+B4#AUB. 


Now we find 
AxB= 


: {5+10g,2¢,62,10,4¢,12g {3¢+2} {l4g,0} | 
{0} {8 + 14g} {3g} {g} {} 


andAxB=AQcB. 


Example 2.69: Let S = {Collection of all subset 3 x | matrices 
with entries from the subsets of the ring C(Z,4) (g)} be the subset 
matrix semiring of the ring C(Z,) (g). 


We see S; =(S U 6); we get entirely a very different subset 
matrix semiring using S;. 


Now having seen such examples of these new structures we 
describe how a topology can be build using them. 


We will take S = {Collection of all subset m x n matrices 
with subsets from the semigroup or group or semiring or ring or 
a field}. 
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S has a semigroup structure if S we take a group or a 
semigroup. S has a semiring structure if we take a semiring or a 
ring or a semifield or a field. 


Suppose S is a subset matrix semigroup of a semigroup. 
Let P cS (P a proper subset of S). 


Let M CS be a subset matrix subsemigroup of S. If for all 
p ¢ Pandm e M, mp and pm é P then we define P to be a set 
subset matrix ideal of S. The same is true if the subset matrix 
semigroup is built using the group. 


We will first illustrate this situation by some examples. 


Example 2.70: Let S = {Collection of all subset 1 x 4 matrices 
with subsets from the semigroup (Zi2, x)} be the subset 1 x 4 
matrix semigroup of the semigroup (Zj2, x). 


Take P = (({0,1,2}, {1,1}, {2,2}, {0,4,5}), ({O}, {0}, {O}, 
£03), ({9, 23, £5, 4, 2, (3, 0, 1}, {1, 2, 3, 4, 54), (17, 6, 8 9, 
103, {11, 0, 1, 3, 5}, {7,9, 11, 0% {2,4,6, 81} cS. 


Consider the subset matrix subsemigroup 


M= {({O}, (OF, (OF, (03), QU, ty, Hb, Up} CS. 


Clearly P is a set subset | x 4 matrix ideal of the subset 
1 x 4 matrix semigroup over the subset 1 x 4 matrix 
subsemigroup M of S. 


Example 2.71: Let S = {Collection of all subset 2 x 3 matrices 
with subset entries from the semigroup C(Z4)} be the subset 7 x 
3 matrix semigroup of the semigroup C(Z,). 


vam {(1 {0,2} ela {0} ee 
3 0 OG O 0 
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bs (05 a) 2} {2 al se 
{2} {2} {2} J’ 40,2} {0,2} {2} J} 


be a subset 2 x 3 matrix subset of S. 


r= {0 {0} a {( oy ) 
0} 0} 10)" [UB a) 


(ee {2} 4 be (0,25 | Fe (05 2 
{2} {2} {22} 0} OP” _—sD_Y 


ee ae ee 
{0,2} {0,2} {2} JJ ~ 


be a subset 2 x 3 matrix subset of S. Clearly P is a subset 2 x 3 


matrix set ideal of S over the subset 2 x 3 matrix subsemiring M 
of S. 


Take 


Example 2.72: Let S = {Collection of all subset 2 x 4 matrices 
with entries from the subsets of the semigroup Z, (g) with g° = 0 
under product} be the subset 2 x 4 matrix semigroup of the 
semigroup Z¢ (g). Take S; = Zs a subsemigroup of Z¢ (g). 


T = {Collection of all subset 2 x 4 matrix set ideals of S 
over the subsemigroup Z. of Z> (g)} is the subset matrix set 
ideal topological space of S over Ze. 


Suppose S, = {0, g, 2g, 3g, 4g, 5g} Cc Zo(g) be the 
subsemigroup. T, = {Collection of all subset matrix set ideals 
of the semigroup S} be the set ideal topological subset 
semigroup of S. 


We see both of them are distinct and are of finite order. 
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We can as in case of usual semigroup define in case of 
subset matrix semigroups also construct S-prime set ideal, 
S-strong quasi set ideal and S-set ideal topological subset matrix 
semigroup spaces [17-8]. 


We will illustrate all these situations by some examples. 


Example 2.73: Let S = {Collection of all subset 8 x 1 matrices 
with subsets from the semigroup Z24 (g) where g° = 0} be the 
subset 8 x 1 matrix semigroup of the semigroup {Z»4 (g), x}. 


Let M = {Collection of all subset 8 x 1 matrices with 
subsets from P = {0, g, 2g, ...., 23g}< Zo4 (g)} be the set ideal 
subset matrix subsemigroup of the semigroup S over the 
semigroup S; = Z»4. 


Clearly every set ideal in M is Smarandache quasi set ideal 
subset matrix of S relative to S; as N = {collection of all subset 
8 x 1 matrices with subsets from S, = {0, 3g, 6g, ..., 21g} cP} 
is a subset 8 x 1 matrix subsemigroup of M. Thus M is a 
S-quasi set subset 8 x 1 matrix topological space of S relative to 
the subsemigroup S, of S. 


Example 2.74: Let S = {Collection of all subset 3 x 3 matrices 
with subsets from the semigroup Z(g), x} be the subset 3 x 3 
matrix semigroup of the semigroup {Z(g), x}. 


Take P = {all subset 3 x 3 matrices with subsets from 
{3Z(g), x} ¢ {Z(g), x}}, P is a Smarandache quasi set ideal of 
S relative to the subsemigroup S; {Z, x} c {Z(g), x}} for 
P, = {all subset 3 x 3 matrices with subsets from {3Z, x}} is a 
subsemigroup of P. 


Next we proceed onto give examples of Smarandache 
perfect quasi set ideal of a subset matrix semigroup. 
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Example 2.75: Let S = {Collection of all subset 2 x 3 matrices 
with subsets from Z39 (g)} be the subset 2 x 3 matrix semigroup 
over the semigroup Z30 (g). 


Take P; = {0, 1, 2, ..., 29}, Ps = {0, g, 2g, ..., 29g}; P3 = 
{0, 15}, Ps = {0, 15g}, Ps = {0, 10, 20} and P, = {0, 10g, 20g} 
subsemigroups of Z30 (g). 


Take M = {Collection of all subset 2 x 3 matrices with 
subsets from {a+ bg | a, b € 2Z39} C Z30(g)} be the subset 2 x 3 
subsemigroup of S over Pj, Po, ..., Po. 


M is the Smarandache perfect quasi set ideal subset 2 x 3 
matrix of S over each P;, 1 <i <6. 


Example 2.76: Let S = {Collection of all subset 3 x 6 matrices 
with subsets from {Z(g), x}, g’ = 0} be the subset 3 x 6 matrix 
semigroup of the semigroup {Z(g), x}. 


P = {Collection of all subset 3 x 6 matrices with subsets 
from {3Z(g), x}} be the set ideal of S with respect to the group 
G= {1,-l} cZ(g). 


P is the strong set subset 3 x 6 matrix ideal of the semigroup 
S over the group G of S. 


Clearly this subset matrix semigroup has only one group 
G= {1,-1} Cc Z(g) so if Tg = {Collection of all strong set ideal 
subset matrix semigroup of S over G} is the strong set ideal 
subset matrix semigroup topological space of S over G. 


Interested reader can construct several such examples of 
strong set ideal topological spaces of a subset matrix semigroup 
S. 


Now we just discuss the advantage of defining subset m x n 
matrix set ideals of semigroups (semirings) over subsemigroups 
(or subsemirings or fields or groups or semifields). 
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In the first case given a semigroup of subset m x n matrix 
set ideals of a semigroup we can have only one topology 
defined on it that is the usual topology with ‘VU’ and ‘nN’, 
however the other one with the new topology Uy and An 
cannot be defined using subset semigroup. 


Both the type of topologies can be defined on semirings; we 
have several of them depending on the number of substructures 
and with the appropriate algebraic structure on them. 


Further for every one of such collection we can have two 
topologies usual topology and the new topology only in case of 
semirings. 


Thus this is one of the advantages of using set ideal subset 
matrix topological semirings. 


We will illustrate these situations by some examples. 


Example 2.77: Let S = {Collection of subset 1 x 5 matrices 
with subsets from the semigroup Z.} be the subset | x 5 matrix 
semigroup of the semigroup Ze. 


Consider P = {Collection of all subset 1 x 5 matrices from 
the subsets {0, 3} Cc Ze} be the subset 1 x 5 matrix 
subsemigroup of S. 


Let 


M = {Collection of all subset matrix set ideals of S over P}; 
{M, U, M} is a set ideal subset 1 x 5 matrix topological 
subsemigroup of S over P. 


We can give on M a new topology so that {M, Un, An} is 
the set ideal subset 1 x 5 matrix new topological space of S over 
P. 


Subset Matrices | 67 


Suppose we have 


X= ({0,2}, (0, 2,4}, {0}, {0}, (0, 43) 
and Y= ({2}, t4}, {2,4}, tO}, t43) 


then XM Y = ({0}, {4}, {o}, {O}, {4}) and 
XW Y=({0,2}, {0, 2,4}, {0,4,2}, {0}, {0, 4}). 


XA Y = ({0}, (0, 2}, (OF, {O}, {0}) and 
X Un Y; has no meaning, because our underlying structure is 
only a semigroup so has only one operation can be defined on it. 


Thus for subset m x n matrix semigroups we cannot define 
the concept of the new topology Ty. 


We have only one topology using ideals of a subset matrix 
semigroups and several topologies using set ideals of subset 
matrix semigroups over subsemigroups. 


We now show by an example or two the new topology on 
the subset matrix semirings. 


Example 2.78: Let S = {Collection of all subset 3 x 1 matrices 
with entries from the subsets of the ring Z)2} be the subset 3 x 1 
matrix semiring of the ring. 


Let T = {Collection of all subset matrix semiideals of S 
including 9, the emply set}; {T, U, A} is the subset matrix ideal 
topological space semiring of S. 


{T, Ux, An} is the subset matrix ideal new topological 
space semiring of S. 


{0,2,4} {0,2} 


Letx=]| {0,4} | andy=] {6} 
(23 {4,6} 
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{0,4,8} {0,4,6, 2} 
xOny=| {0} and x Uny=]| {6,10} 
{8,0} {6,8} 


This is the way operation is performed. 


{0,4,8} {0,2,4, 6,8} 
XOnX=]| {0,4 | #x. xXUNX= {0,4,8} ~X. 
{4} {4} 


This new topology on subset 3 x 1 matrices of the semiring 
is different from the usual topology for x Qn x # x and 
X Un X ¥ X in general. 


Now we proceed onto illustrate by an example that this sort 
of new topology can be defined as set ideal subset matrix new 
topological space of semirings. 


Example 2.79: Let S = {Collection of all subset 2 x 2 matrices 
with subsets from the ring Zjo} be the subset 2 x 2 matrix 


semiring of the ring Zjo. 


T = {Collection of all set ideals of the subset 2 x 2 matrix 
semiring over the subsemiring 


a b 
P = 
(: ; 
{T, Un, An} is the new topological space of subset 2 x 2 
matrix semiring over the subsemiring P. 


a,b,c, de {0, 2, 4, 6, 8} CZ}. 


Lexa ( eee aa d 


{0,4,8,6} {0,6} 
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_ be ee oi 
{0,6} {0,8} 


0,8,6,4} {0,4,2,6,8 
xewy=(| } ) 


{0,4,8, 6} {0,8} 


0,2,6,4,8 0,2,6,4,8 
xay=[( ) 


{0,4,6,8,2}  (0,6,8,4} 


(T, Ux, An) = Tn is a new topological subset matrix ideal 
topological semiring space. 


Take S; = {0, 5} C Zio to be a subring of S. 


P, = {Collection of all subset 2 x 2 matrices with entries 
from the subsemiring S, = {0, 5}}. 


P, is a subset 2 x 2 matrix subsemiring of S. 


Take T = {Collection of all set ideals of subset 2 x 2 matrix 
of S over the subset matrix subsemiring S,} 


_ ee | ie a ( a ie mh 
{0} (OF) 42} 23) ]? [LOE {OF /’LYO} 08) ]” 
le a a ra {a 4 . a 
{0} {0} )'\ {0} {OF )]” [LOR (OF) 423 LO J]? 
{Co 4 G mh janes 
{0} {0} {0} {2} 
We see {T, Un, On} is a set ideal subset 2 x 2 matrix new 


topological semiring space of S over the subset 2 x 2 matrix 
subsemiring S;. 
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We can have several such to new topological spaces by 
varying the subset matrix subsemirings over which these are 
defined. 


Now it is left for the reader to define different types of new 
topological set ideals using strong set ideal of subset semiring 
collection, special strong set ideal new topological subset matrix 
semiring space and other types of set ideal new topological 
subset matrix semirings. It can be done as a matter of routine 
with some appropriate changes. 


Now we proceed onto suggest some problems for the 
reader. 


Problems 


1. Let X= {1, 2,3, 4,5}, and P(X) the power set of X. 


ais “gt aoe 
Lage jt Bon 
as. ag? sat Bp 


subset 2 x 6 matrix. 


a, € P(X); 1 <i< 12} be the 


(i) Find the number of elements in S. 
(ii) Show (S, VU) is a commutative semigroup. 
(111) Show (S, A) is a commutative semigroup. 


a; a, ayy 
2. LetM=4)a, ay a,, || a € P(C(Zi2)), 1 <i $33, 
a5; A, as 433 


X = {C(Zi2) =a + big | a, b € Zi, i; = 11}} be a collection 
of all 3 x 11 subset matrices. 


(i) Find o(M). 
(ii) Show (M, V) is a commutative semigroup. 
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(iii) Show (M, A) is a commutative semigroup. 


Obtain some interesting properties associated with subset 
matrices of a power set. 


What can be benefits of studying such algebraic structure? 
Find some nice applications of these new structures. 


Let S = {Collection of all subset 3 x 2 matrices with 
subsets from the semigroup {Z49, x}} be the subset 3 x 2 
matrix semigroup of the semigroup {Z40, x}. 


(i) Find the order of S. 

(ii) Can S have subset matrix subsemigroups which are 
not subset matrix ideals? 

(iii) Find atleast two subset matrix ideals of S. 

(iv) Can S have zero divisors? 

(v) Can S have S-idempotents? 

(vi) Can S have S-units or units? 

(vii) Find any other interesting property associated with S. 


Let S = {Collection of all subset 3 x 6 matrices with entries 
from the subsets of the semigroup {C(Zs), x}} be the 
semigroup. 


(i) Find order of S. 

(ii) Find subset 3 x 6 matrix subsemigroups of S which 
are not subset matrix ideals. 

(iii) Find subset 3 x 6 matrix ideals of S. 

(iv) Can S have zero divisors? 

(v) Find idempotents and zero divisors of S. 

(vi) Can S have S-zero divisors and S-units? 

(vii) Is S a S-semigroup? 


Let S = {collection of all subset 7 x 2 matrices with entries 
from the subsets of the semigroup {C(Z29), x}} be the 
subset 7 x 2 matrix semigroup with entries from the 
semigroup {C(Z9), x}. 
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(i) Find o(S). 

(ii) Can S have zero divisors? 

(111) Show S has idempotents. 

(iv) Give an example of a subset matrix subsemigroup 
which is not a subset matrix ideal. 

(v) Can S have S-units? 


Find some special features enjoyed by subset 1 x 9 matrix 
semigroup built using C(Z,). 


. Find the order of S = {Collection of all m x n subset 


matrices with entries from the subsets of the semigroup 
Zp}, the subset m x n matrix semigroup (p prime). 


(i) Ifpareplaced by t, ta composite number find o(S). 
(ii) Find the order of S if Z, is replaced by C(Z,). 
(iii) Find the order of S if Z, is replaced by Z,(g) where 
2 
g =0. 
(iv) Find the order of S if Z, is replaced by C(Z,) (g) such 
that ¢° = 0. 


. Let S = {Collection of all subset 3 x 5 matrices with entries 


from the semigroup {Z, x}} be the subset 3 x 5 matrix 
semigroup of the semigroup {Z, x}. 


(i) Prove S is of infinite order. 
(ii) Prove S has zero divisors. 
(111) Can S have idempotents? 
(iv) Can S have S-zero divisors? 


Let S = {Collection of all subset 5 x 1 matrices with entries 
from the subsets of the semigroup {Q’U{0}, x}! be the 
subset 5 x 1 matrix semigroup with entries from subsets of 
the semigroup {Q* U {0}, x}. 


(1) Study questions (i) to (iv) of problem 11. 
(ii) Can S have units? 
(iii) Can S have S-units? 


13; 


15; 


16. 


LT: 
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Let S = {Collection of all 2 x 2 subset matrices with entries 
from the subsets of the semigroup {(Q°U{0}) (g)}} be the 
subset 2 x 2 matrix semigroup of the semigroup 


{(Q'U{0}) (g), x}. 


(i) Prove S has zero divisors. 

(ii) Prove S has a zero square subsemigroups. 

(iii) Can S have S-units? 

(iv) Is it possible to have subset matrix ideals of S? 

(v) Can S have subset matrix subsemigroups which are 
not subset matrix ideals? 


. Obtain some special features enjoyed by subset matrix 


semigroups of the semigroup {Q, x} or {R, x} or {C, x} or 
{Q(g), x} or {R(g), x}, {C(g), x} where g’ = 0. 


Specify some special features enjoyed by infinite subset 
matrix semigroup of {Z[x], x} (or {Q[x], x} or {R[x], x} 
or {C[x], x} or {Z" [x] U {0}} or {Q’ [x] U {0}}). 


Let S = {Collection of all 7 x 3 matrices whose entries are 
subsets from the semigroup of {Z, [x], x} 


(i) Will the subset matrix semigroups of the semigroup 
{Z, [x], x} be finite? Justify. 

(ii) Can S have zero divisors? 

(iii) Can S have units? 

(iv) Can S have S-idempotents? 

(v) Can S have subset matrix subsemigroups which are 
not subset matrix ideals? 


Let S = {Collection of all subset 3 x 3 matrix semigroup 
with subsets from the symmetric semigroup S(5)} be the 
subset semigroup matrix of symmetric semigroup S(5). 


(i) Find order of S. 

(ii) Prove S is anon commutative semigroup. 
(iii) Can S have subset matrix ideals? 

(iv) Is it possible for S to contain zero divisors? 
(v) Can S have S-units? 
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18. Let S = {Collection of all 3 x 3 subset matrices with 
subsets from S(n), the symmetric semigroup} be the subset 
matrix semigroup of the semigroup S(n). 


(i) Find o(S). 

(ii) Prove S has no zero divisors. 

(iii) Prove S is non commutative. 

(iv) Can S have idempotents? 

(v) IsSaS-subset matrix semigroup? 


19. If in the problem 18 the 3 x 3 matrix is replaced by 5 x 3 
matrix study questions (i) to (iv). 


20. Let S = {Collection of all subset 2 x 5 matrices with entries 
from the symmetric semigroup S(7)} be the subset matrix 
semigroup of the symmetric semigroup S(7). 


(i) Find o(S). 

(ii) Prove S is non commutative. 
(iii) Can S have zero divisors? 
(iv) Prove S can have units where 


I= Bi ee AS a is the unit in S. 
te} {fe} fe} te} te} 
{e} identity element of S(7). Clearly Ax I=Ix A= 
A forall A € S. 

(v) Can S have idempotents? 

(vi) Can S have S-units? 

(vii) Can S have subset matrix subsemigroup which is 
commutative? 

(viii) Is S a S-semigroup? 


21. Let S = {Collection of all subset 7 x 2 matrices with 
subsets from the group {Z, +}! be the subset 7 x 2 matrix 
semigroup of the group G. 


(i) Find ideals of S. 


22. 


23. 


24. 


25, 
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(ii) Is S a S-semigroup? 

(iii) Can S have zero divisors? 

(iv) Can S have S-units? 

(v) Can S have S-idempotents? 

(vi) Does S contain subset matrix subsemigroups which 
are not subset matrix ideals? 


Let S = {Collection of all 3 x 7 subset matrices with entries 
from the subsets of the group G = {Zjo, +}} be the subset 
matrix semigroup of the group G. 


(i) Find o(S). 

(ii) Is S commutative? 

(iii) Can S have subset matrix ideals? 

(iv) If G is replaced by the semigroup P = {Zjo, x}, 
enumerate all the special features enjoyed by S. 

(iv) Differentiate both structure like units, S units, zero 
divisors, S-zero divisors, idempotents and 
S-idempotents when G is replaced by P = {Zjo, x}. 


Let S = {Collection of all subset 3 x 7 matrices with entries 
from the subsets of the group G = {Z,7, +}} be the subset 
matrix semigroup of the group G. 


(i) Study questions (1) to (111) (given in problem 22). 
(ii) If Gis replaced by P = {Z,7, x} study question (iv). 


Obtain some special features enjoyed by subset matrix 
semigroups over a group. 


Let S = {Collection of all subset 4 x 3 matrices with 
subsets from the semigroup P = Z;; x Z» x C(Z7) x Z4(g)} 
be the subset matrix semigroup of the semigroup P. 


(i) Find o(S). 

(ii) Find atleast three subset matrix subsemigroups of S. 
(iii) Find atleast three subset matrix ideals of S. 

(iv) Can S have S-zero divisors? 
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26. 


20s 


28. 


Let S = {Collection of all subset 5 x 2 matrices whose 
subsets are from the group G = D7} be the subset matrix 
semigroup over the group G. 


(i) Find o(S). 

(ii) Can S have subset matrix subsemigroups which are 
not a subset ideals? 

(iii) Can S have S-zero divisors? 

(iv) Can S have idempotents? 

(v) Give some special properties about S. 

(vi) Prove S is non commutative. 

(vii) Can S be a S-semigroup? 


Let S = {Collection of all subset 2 x 4 matrices with 
subsets from the group G = S7 x D7 x (Z1; \ {0}, x)}} be 
the subset 2 x 4 matrix semigroup over the group G. 


(i) Find order of S. 

(ii) Can S have zero divisors? 

(iii) Is S a S-semigroup? 

(iv) Can S have S-subsemigroups? 

(v) Is it possible for S to have S-ideals? 
(vi) Study (i) to (v) using H = S; alone. 


Let S = {Collection of all subset 3 x 3 matrices with 
subsets from Q” U {03} be the subset 3 x 3 matrix 
semiring. 


(1) Is S acommutative semiring? 
(ii) Is S a S-semiring? 

(iii) Can S have zero divisors? 
(iv) Can S have idempotents? 


{1} {0} {0,1} 
(v) IsSA=}] {1} {0,1} {0} | e S an idempotent of S? 
0} Wt 
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29. Let S = {Collection of all 2 x 4 subset matrices with 
subsets from the semiring 


a1 


a7 


a4 


ay 


be the subset 2 x 4 matrix semiring over the semiring P. 


(i) Find o0(S). 

(ii) Is S a S-semiring? 

(iii) Can S have zero divisors? 

(iv) If P is replaced by the semifield 
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30. 


31, 


32. 


and S is defined over P study the above questions (i) 
to (ii) 

(v) Can S have S-units? 

(vi) Can S have S-idempotents? 

(vii) Can S have idempotents which are not S-idempotents? 


Let S = {Collection of all subset 7 x 1 matrices with 
subsets from the Boolean algebra B of order 32} be the 
subset 7 x 1 matrix semiring over B. 


(i) Find o(S). 

(ii) Can S have S-zero divisors? 
(iii) Can S have S-idempotents? 
(iv) Can S have S-ideals? 

(v) Is S aS-semiring? 

(vi) Can S have S-units? 


Let in problem 30 the Boolean algebra B be replaced by a 
chain lattice Cg = 


ay 
0 


Study question (i) to (vi) of problem 30 for this S over Cs. 


Let S = {Collection of all subset 2 x 2 matrices with 
subsets from the ring Z4 9} be the special subset 2 x 2 
matrix semiring over the ring. 


(i) Find order of S. 
(ii) Is S a commutative structure? 
(iii) Can S have zero divisors? 


3. 


34. 


35: 
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(iv) Can S be a S-ring? 
(v) Can S have S-ideals? 


Let S = {Collection of all subset 8 x 1 matrices where 
subsets are taken from the field Z7} be the subset 8 x 1 
matrix semiring of the field. 


(i) Find o0(S). 

(ii) Find S-subsemirings. 

(iii) Can S have S-idempotents? 
(iv) Prove S has zero divisors. 


Let S = {Collection of all subset 1 x 9 matrix subsets from 
the field Q} be the subset 1 x 9 matrix semiring of the field 
Q. 


(i) Can S have zero divisors? 
(ii) Can S have S-units? 
(iii) Can S have S-ideals? 


(iv) Can S have subset matrix subsemirings which are not 
ideals? 
(v) IsS aS-semiring? 


Let S = {Collection of all subset 2 x 4 matrix, subsets from 
the ring Q[x]} be the subset matrix semiring over of the 


S-ring Q[x]. 


(i) Prove S is of infinite order. 

(ii) Can S have S-subset matrix subsemiring which is not 
a subset matrix ideal? 

(iii) Can S have S-ideals? 

(iv) Can S have zero divisors? 

(v) Can S have S-idempotents? 

(vi) Can S have S-units? 

(vii) Obtain some stricking features about S. 
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36. Let S = {Collection of all subsets of 3 x 5 matrices with 


ST 


38. 


subsets from Z3[x]} be the subset 3 x 5 matrix semiring of 
the ring. 


(i) Prove S is of infinite order. 

(ii) Can S have zero divisors? 

(111) Is it possible for idempotents to be in S? 

(iv) Can S have units? 

(v) Give two examples of subset matrix S-ideals in S. 

(vi) Give two examples subset matrix S-subsemirings 
which are not subset matrix ideals. 

(vii) Give an example of a subset matrix ideal which is 
not a subset matrix S-ideal? 


Let S = {Collection of all subsets of 2 x 6 matrices with 
subsets from the quasi dual like ring Z,(g) with g’ =—g} be 
the subset 2 x 6 matrix semiring of the ring Z,(g). 


(i) Find the order of S. 

(ii) Can S have zero divisors? 

(iii) Can S have S-idempotents? 

(iv) Find a subset matrix S-subsemiring of S. 

(v) Find subset matrix S-ideals of S. 

(vi) Find a subset matrix subsemiring which is not a subset 
matrix S-ideal. 


Let S = {Collection of all subset of 3 x 1 matrices with 
subsets from the semiring 


be the subset 3 x | matrix semiring. 


39. 


40. 


41. 
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(i) Find 0(S). 

(ii) Find zero divisors in S. 

(iii) Find units of S. 

(iv) Find idempotents of S. 

(v) Find subset matrix S-ideals of S. 

(vi) Find subset matrix S-subsemiring of S. 


Let S = {Collection of all subset 2 x 5 matrices with 
subsets from the ring Zo (g1, 22) = g; = g5 =0= gig 


gog1} be the subset matrix semiring of the ring Zpo (g1,2). 


(i) Find zero divisors of S. 

(11) Find o(S). 

(iii) Can S have S-units? 

(iv) Can S have subset matrix ideals which are not subset 
matrix S-ideals? 

(v) Can S have subset matrix S-subsemiring which are not 
subset matrix ideals? 


Let S = {Collection of all subsets of 1 x 8 matrices with 
subsets from the ring C(Z»)} be the subset 1 x 8 matrix 
semiring of the ring C(Z»). 


(i) Can S have zero divisors? 

(ii) Find o(S). 

(iii) Is S a subset matrix S-semiring? 

(iv) Can S have subset matrix S-ideals? 

(v) Can S have S-units? 

(vi) Can S have units which are not S-units? 

(vii) Can S have zero divisors which are not S-zero 
divisors? 


Let S = {Collection of all subset 5 x 5 matrices with 
subsets from the field Z,)} be the subset 5 x 5 matrix 
semiring of the field Zj9. 


(i) Find order of S. 
(ii) Prove S has zero divisors. 
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42. 


43. 


(iii) Prove S has units. 
(iv) Can S have S-units and S-zero divisors? 
(v) Can S have subset matrix S-ideals? 


Let S = {Collection of all subset 3 x 2 matrices with entries 
from subsets from the semigroup Zs} be the subset 3 x 2 
matrix semigroup of the semigroup Z\s. 


(i) Find all the set ideals of the subset 3 x 2 matrix 
semigroup S. 

(ii) If P= {0,1} be the subsemigroup of Z,;. Find 
collection of set subset matrix ideals T of S over P. 

(111) If P; = {0, 14, 1} be the subsemigroup of the 
semigroup Z;5, find collection of all subset matrix set 
ideals T, of S over P. 

(iv) Compare T with T, 

(v) IfP.= {0, 3, 9, 12, 6} CZ); be a subsemigroup of the 
semigroup Z;5 find the collection of all subset matrix 
set ideals T, of S over P>. 

(vi) If P3 = {0, 5, 10} c Z)5 be the subsemigroup of Z)5 
find the collection of all subset matrix set ideals T3 of 
S over P3. 

(vii) Compare T3, T, and T>. 

(viii) Using the ‘U’ and ‘7’ of subsets of these subset 

matrix set ideals define topologies on them. 


Let S = {Collection of all subset 3 x 7 matrices with 
subsets from the semigroup Z)2(g)} be the subset 3 x 7 
matrix semigroup of the semigroup Z) (g). 


(i) Take P; = {0, 6, 6g} C Zj2 (g) a subsemigroup of the 
semigroup Zj2 (g). T; = {Collection of all set ideals of S 
over P;} be the subset matrix set ideal topological space 
of S over P). 


(a) Find a basic set of T,. 
(b) Find o(T}). 


44. 


45. 


46. 


47. 
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Study question (1) of a and b for P, = {6, 0}, P3 = {0, 6g}, 
P,= {1, 0}, Ps = {0, 11, 1}, Po = {g, 0}, Py = fg, 11g, 0}, 
Ps = {0, 2, 4, 6, 8, 10}, Py = {0, 3, 6, 9}, Pi; = {0, 4g, 8g} 
and Pi2= 10, 3g, 6g, 9g}. 


Let S = {Collection of all subset 5 x 2 matrices with 
subsets from the semigroup S = {C(Zg) (g); x} g = 0}} be 
the subset 5 x 2 matrix semigroup of the semigroup S. 


(a) Find the total number of set ideal subset 5 x 2 matrix 
topological spaces of S over the appropriate 
subsemigroup of S. 


Let S = {Collection of all subset 1 x 7 matrices with 
subsets from the semigroup S; = {Z4 x Zs, x}} be the 
subset | x 7 matrix semigroup of S;. 


Study question (a) in problem 44 for this S. 


Let S = {Collection of all subset 2 x 5 matrices, entries of 
the matrices are taken from subsets of S(5)} be the subset 
2 x 5 matrix semigroup of the semigroup S(5). 


(i) Find all set ideal subset matrix topological spaces of S 
over subsemigroup of S. 

(ii) How many are identical for the distinct 
subsemigroups? 

(iii) Find subset matrix set ideals of S over the group S; 
and find the related subset matrix set ideal topological 
space. 

(iv) Can S have a Smarandache quasi set ideal subset 
matrix relative to a subsemigroup S, of S? 


Obtain some special features enjoyed by Smarandache 
perfect quasi set ideal subset m x n matrix semigroup S; a 
subset m x n matrix subset semigroup with subsets from 
the semigroup P. 
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48. 


49. 


50. 


51. 


52. 


53. 


Study Smarandache perfect quasi set ideal m x n matrix 
topological semigroup from subset matrix semigroup of a 
semigroup. 


Distinguish this (48 problem) from the set ideal topological 
space of a semigroup. 


Let S = {Collection of all subset 2 x 7 matrices with 
subsets from the ring Zig} be the subset 2 x 7 matrix 
semiring of the ring Zi. 


(i) How many subset 2 x 7 matrix subsemirings exist? 

(ii) How many set ideal subset 2 x 7 matrix over 
subsemirings of S exist? 

(111) Construct the related topology on them. 

(iv) Distinguish between set ideals of all subset matrix 
subsemigroup topological space over S and that of the 
ideals of the subset matrix subsemigroup topological 
space over S. 


Let S be the collection of all subset 3 x 2 matrix semiring 
with entries from the subsets from the field Z15. Study 
questions (1) to (iv) of the problem 50. 


Let S = {Collection of all subset 3 x 7 matrices with 
subsets from the semifield Z” U {0}! be the subset 3 x 7 
matrix semiring of the semifield. 


(i) Find the ideal subset topological 3 x 7 matrix semiring 
of the semiring S. 

(11) Find all set ideal subset topological 3 x 7 matrix of S 
over subsets of S. 

(111) Prove S has zero divisors. 

(iv) Can S have S-zero divisors? 


Let S = {Collection of all subset 3 x 1 matrices with 
subsets from the ring Za. (g)} be the subset 3 x 1 matrix 
semiring of the ring. 


54. 
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(i) Find o(S). 

(ii) Can S have zero divisors which are not S-zero 
divisors? 

(iii) Find the subset matrix ideal topological space of the 
subset matrix ideals of S. 

(iv) Find all the set ideal topological subset 3 x 1 matrix 
ideals space of S over proper subsemirings of S. 


Let S = {Collection of all subset 5 x 2 matrices with 
subsets from the symmetric semigroup S(3)} be the subset 
5 x 2 matrix semigroup of the symmetric semigroup S(3). 


(i) Find o(S). 

(ii) Prove S is non commutative under the natural product 
x, of matrices. 

(iii) Prove S cannot have zero divisors. 

(iv) Prove S is not a semifield. 

(v) Find a strong subset matrix set ideal of the subset 
matrix semigroup S. 

(vi) Find a special strong subset matrix set ideal of the 
subset matrix semigroup S. 

(vii) Find the strong subset matrix set ideal topological 
space of the subset matrix semigroup space T of S. 

(viii) Find the special strong set ideal topological subset 
matrix semigroup space T, of S. 

(ix) Compare the T and T). 

(x) Can S have minimal set ideal topological subset 
matrix semigroup space? 

(xi) Can S have maximal set ideal topological subset 
matrix space semigroup T,? (Justify). 

(xii) Find the ideal topological subset matrix semigroup 
space T> of S. 

(xiii) Compare T, T; and T>. 

(xiv) Find the prime set ideal topological subset matrix 
semigroup space T; of S. 

(xv) Compare T, with T3; can they be identical? 

(xvi) Find the Smarandache set ideal topological subset 
matrix subsemigroup space T; of S. 
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D5: 


56. 


Ds 


(xvii) Find a Smaradache quasi set ideal topological subset 
matrix subsemigroup space T, of S. 

(xviii) Find the Smarandache strongly quasi set ideal 
topological subset matrix subsemigroup space of S. 


Let S; = {Collection of all subset 3 x 1 matrices with 
entries from the subsets of the semigroup Zo} be the subset 


3 x 1 matrix semigroup of the semigroup Zo. 


Study questions (i) to (xviii) of problem (54). (For 
Question (111) prove S; has zero divisors). 


Let S, = {Collection of all subset 1 x 3 matrices with 
entries from the subsets of the group G = D7} be the 
subset matrix semiring of the group G = D»7. 


Study question (i) to (xviii) in problem 54 for this S». 


Let S = {Collection of all subset 3 x 2 matrices with 
subsets from the semiring 


be the subset 3 x 2 matrix semiring of the semiring L. 


58. 


59. 


60. 


61. 
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(i) Study questions (i) to (xviii) of problem 54 for this S. 

(ii) Construct T, T), To, ..., Ts in problem 54 the 
topological space of subset matrix semirings. 

(iii) Build on T, Tj, ..., Ts the new topologies with Uy and 
On and distinguish the two topological subset matrix 
spaces of the subset matrix semiring. 


Let S = {Collection of all subset 2 x 5 matrices with subset 
from the chain lattice Cy = 


aig 
0 


be the subset 2 x 5 matrix semiring of the chain lattice Cro. 


(i) Study all the questions mentioned in problem (54) by 
replacing L by Co. 
(ii) Prove S has zero divisors. 


Let S; = {Collection of all subset 2 x 4 matrices with 
subsets from the ring Z2} be the subset 2 x 4 matrix 
semiring of the ring Zy9. Study all the questions 
mentioned in problem (54) for this S;. 

Does S, enjoy any stricking properties as ring is used? 
Justify. 


Study problem (54) if Z29 is replaced by Z. 


Let S = {Collection of all subset 7 x 1 matrices with 
subsets from the field Z43} be the subset 7 x 1 matrix 
semiring of the field Z43. 
Study questions mentioned in problems (i) to (xviii) 
mentioned in problem 54. 
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62. 


63. 


64. 


65. 


Let B = {Collection of all subset 3 x 3 matrices with 
entries from the subsets of the ring Zy4 (g); g° =—g} be the 
subset 3 x 3 matrix semiring of the ring Z4 (g). 

Study all the questions (i) to (xviii) of problem 54 for this 
B. 


Let M = {Collection of all subset 6 x 3 matrices with 
subset entries from the mixed dual number ring Zio (g, g1) 
where gy = gi, 22 = 0 g; go = gog1 = 0} be the subset 6 x 3 
matrix semiring of the ring. 

Study all questions (1) to (xviii) of problem 54 for this M. 


Let N = {Collection of all subset 9 x 1 matrices with subset 
entries from the ring C(Zo) (g), g’ = 0} be the subset 9 x 1 
matrix semiring of the ring C(Z») (g). 

(i) Study questions (i) to (xviii) in problem 54 for this N. 
(ii) Does N enjoy any other special properties? 


For problems 60, 61, 62 and 63 find all the possible new 
topologies that can be built on these subset matrix 
semirings mentioned in those problems. 


Chapter Three 


POLYNOMIAL SUBSETS 


In this chapter for the first time the authors introduce the 
concept of polynomials with subset coefficients which will be 
known as subset polynomials or polynomials subsets. Here we 
define, describe and develop these new concepts. 


DEFINITION 3.1: Let X be a set with say n-elements {a}, a2, ..., 
an}. S= P(X) = {All subsets of X including X and ¢}. Take S[x] 


2. . 
= 94x 
i=0 


polynomial or polynomial in the variable x with coefficients 
from S or polynomial subsets. 


a; © P(X) = S}. S[x] is defined as the subset 


As polynomials play a major role in almost all the fields of 
science and more so in mathematics, we are forced to develop 
the concept of subset polynomials as we have already developed 
algebraic structures using subsets of a set or a semigroup or a 
group or a ring or a field or a semiring or a semifield. 


We will first describe the subset polynomials in the variable 
x with coefficients from the subsets of a power set P(X) of the 
set X. 
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Example 3.1: Let X = {1, 2, 3, 4} be the set. 


S = P(X) = {power set of X}. S[x] = {Ss si € S} is 
i=0 


the subset polynomial in the variable x. 


We show how the operations ‘VU’ and ‘7’ are performed on 
S[x]. Let p(x) = {1,2}x° + {3, 1, 2} x? + {1, 4} x + {4} and 
q (x) = {1, 2, 3} x? + {4, 2} x + {3} be two subset polynomials 
in S[x]. 


p(x) U q(x) = {1, 2} x° + {3, 1, 2} x? + {1, 2, 3} x* + ({1,4} 
U {4, 23) x + {4} U {3} 


= {1,2} x° + {3, 1,2} x° + {1, 2,3} x° + {1, 4, 2} x + {4, 3} 
€ S[x]. 


Thus {S, U} is a commutative semigroup. 


Now p(x) A q(x) = ({1, 2} 0 {1,2,3}) x° x x’ + ({1,2,3} 0 
{1,2,3}) x° x x? + {1,4} 7 {1,2,3} x xx? + {4} A (1, 2, 3} x? + 
{1,2} 7 {4, 2}x° x x + {1,2,3} A {4,2} x? x x + {1,4} 7 {4,2} 
Xxx + {4}. {4,2} x + {1,2} A {3} x° + (3,1,2} A 3} x + 
{1,43 m {3} x + {44 m {3} 


= {1,2} x’ + {1,2,3} x + {1} +x? + {2} x9 + {2} xt + 
{4x2 + {x + {htx’ + (3}x° + {b)x +0 


= {1,2}x’ + {2}x° + {1,2,3}x° + {2}x4 + ({1} U BY) xt 
{4tx° + {4} x. 


= {1,2}x’ + {2}x° + {1,2,3}x° + {2}x* + {1,3}x3 + {4}x? + 
{4x as b U {2} = {2} and o x" = empty set 6. 


Clearly p(x) A q(x) € S[x]. Thus (S[x] A) is a commutative 
semigroup. 
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Further {S[x], U, M} is a distributive lattice of subset 
polynomials of infinite order. 


We see many differences 


(i) Clearly S[x] can never become a ring. 

(ii) S[x] can never be a group 

(iii) Maximum S[x] can be a semigroup under a 
single binary operation, U or -. 

(iv) S[x] with two binary operations can be a 
semiring or a semifield. 

(v) Unless restrictions are made on degree of the 
polynomials always S[x] is of infinite order. 


Example 3.2: Let X = {1, 2, 3, 4, 5, 6} be a set; S = P(X) the 
power set of X. 


S[x] = [Zax a; € S} be the subset polynomials. 


i=0 


{S[x], U, A} is a semiring / lattice of infinite order. 


Let p(x) = {1} x? + {3,1}x + {3} 
and q(x) = {2} x + {2} © S[x] 


p(x) q(x) = {1} m {2} Ox x) + (13,13 9 {2}) Kx x) + 
({3} 0 {2}) &) + {1} 9 {2})x + 3,1} 9 (2}x + 3}. QQ} = 
6. 


Thus we see in case of subset polynomials we can have 
intersection of two non empty polynomials to be empty. 


(We say two subset polynomials are subset zero divisors are 
product empty if p(x) O q(x) = 9). 


This never occurs in usual polynomials unless the elements 
are from Z,[x]; 1.e., rings with zero divisors. Here even if the 
rings have no zero divisors we still arrive at this conclusion. 
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Instead of saying zero polynomial when we use subsets 
from powerset of a set X we say empty polynomial. 


In an analogous way we have an empty polynomial of 
degree n which is as follows: 


o = ox" + ox” + .. $Oxt oO. 
We see p(x) U $= p(x) and p(x) Nb = 6 


Also p(x) q(x) = 6 can occur without p(x) = or q(x) = 9; 
this we call as subset zero divisors. 


All these concepts happen to be true only in case of subset 
polynomials whose coefficients are from the powerset P(X) of a 
set X. 

Example 3.3: Let X = {1, 2, 3, 4, 5, 6, 7, 8, 9, 10} be the set; 


S = P(X) the power set of X. S[x] the subset polynomial 
semiring under U and -m. 


[S[x], U, A] has non empty divisors and is of infinite order. 


Example 3.4: Let S = {Collection of all subsets of the lattice 
Cy given by Cr = 


and the empty set }. 
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S[x] be the subset polynomial S[x] = {Sax a, € S}; 


{S[x], U, A} is a subset polynomial semiring. 


For take p(x) 7 {0,1,a3} x + {l,aa, A105 ag} x + {ai, a2, a3, 
a7} and q(x) = {1, a, a7, ag}x* + {a3, ay, aio, aii, iz}. 


We find p(x) U q(x) and p(x) A q(x). 


p(x) U q(x) = {0,1,a3} x° + ({1,a4,210,a6} U {1,a5, a7, ao})x? 
+ ({a1, az, a3, a7} U {43, a2, Ajo, 11, 17} ) 


= {0, 1, a3} x° + {1, a4, a6, a7, a9, aio} x” + {a1, ap, a3, a7, aio, 
ais ai7} (= S[x]. 


p(x) A q(x) = ({1, a3, 0} O {1, a6, a7, ao}) (x°) + ({1, aa, ato, 
ag} MO {1, a6, a7, ao}) (x*) + (fay, a2, a3, a7} O {1, a6, a7, a}) x” + 
{1, a3, 0} CY {a, a3, 410, a1], ai7} x? =F ({1, a4, 46, aio} (a) {a, a3, 
ios 211, A17}) X + ({a1, a2, a3, a7} OV {3, Ao, Ato, Ari, a17}) 


= {1}x°+ {1, ag} x? + {b}x? + {a3} x? + {ajo} x? + fas, a3} 
= {1} x° + {1, a6} x* + {a3} x? + {ajo} x7? + {ao, a3} © S[x]. 


It is pertinent to keep on record that we used only set 
theoretic union and not the intersection and union of the lattice. 
Suppose we use the union and intersection of the lattice C2») we 
get the corresponding 


5 4 

p(X) At q(x) = {1, a6, a7, ao, a3, OFX” + {1, a6, a7, A9,A10, a4}X 

+ {a, a2, 3, a7, Ag, Ag} X” + {a2, a3, Aro, 11, A17, O} x + {1, ap, a3, 
410, Ali, 817, 44, ae} x + {a3, A, a0, Ari, 417, a7} 


5 4 
= {1, a6, a7, a9, a3, O} x + {], a6, a7, Ag, Ao, aio} X + {A1, a2, 
a3, AG, a7, Ag} X + {a2, 0, a3, Alo, Ail, Ai7} X + {A2, a3, a7, Alo, ALL, 
ai7} € S[x] 


We see p(x) Mr, q(x) # p(x) O q(x). Thus we can have two 
polynomial subset semirings. 
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Now consider p(x) Uy q(x) = {0, 1, a3} xt {1, a4, a9, a6, 
a7} x” + {a), a, a3, a7} © S[x]. 


Clearly p(x) Ux q(x) # p(x) U q(x). 


We see if we use other than powersets as coefficients for the 
same set S[x] we get two different semirings of infinite order. 


However the other sets must be any algebraic structure with 
two binary operations. 


Example 3.5: Let S = {Collection of all subsets of the Boolean 
algebra B = 


together with o}. 


S[x] = {Sax a; € S} be the subset polynomial semiring 


i=0 


[S[x], U, A] is a subset polynomial semiring with usual set 
theoretic union and intersection. 


{S[xk], UL; AL} is a subset polynomial ring with operations 
of the Boolean algebra B. 


Take p(x) = {f}x* + {d}x? + {0,d} and 
q(x) = {e, O}x" + {e} © S[x]. 


p(x) U g(x) = {f} x° + {d} U {e, 0} x’ + {0, d} U {e} 
= {f} x° + {0, d, e} x° + {0, d, e}. 


Polynomial Subsets | 95 
p(x) A q(x) = {f} A fe, 0} x? x x? + {d} A fe, 0} x? x x? + 
{0, d} > {e} + {f} > {e} x° + {d} 7 {e} x + {0, d} m fe} 
= {0} P+ {O} x + OF x + Gx" + (H} +h = {0} x”, 
Now we find 
p(x) U1, a(x) = {f}.x° + ({d} Ux {e, 0})x" + {0, d} Ur {e} 
= {f} xo + {dc} x’ + fe, c}. 
We see p(x) Ur q (x) # p(x) U q(x). 
Consider p(x) AL q(x) = {f} AL fe, 0} x° + {d} Ay fe, 0} x* 


+ {d, 0} A fe, 0} x? + {f} Ay fe} x? + {d} My fe} x’ + {0, d} 
Or {e} 


= {O}x> + {0} x4 + {O}x? + {O}x> + {O}x? + {O}. 


This is the zero subset polynomial. Thus a zero subset 
polynomial will be of the form 


p(x) = {O}x" + {O}x™ +... + {O} x + {O}. 


We call if p(x) M1 q(x) = zero subset polynomial that is {0}, 
then p(x) is a zero divisor in S[x]._ However the concept of 
empty polynomial has no meaning in {S[x], UL, M.}. Likewise 
the concept of empty subset polynomial is present in {S[x], VU, 
} and this {S[x], U, A} has no relevance to the zero subset 
polynomial. For if p(x) is a zero subset polynomial and q(x) 
subset polynomial in S[x]. 


p(x) A q(x) need not be a zero subset polynomial it can be a 
subset polynomial with coefficient {o} and {0} or only {o} or 
only {0}. 


We for any subset polynomial S[x] (S = P(X) or S a 
semiring) we define degree of the polynomial p(x) € S[x] to be 
the highest degree of x with non zero (non empty) subset 
coefficient. 
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Let p(X) =ayp+ajx+...+ax' 
a, € S;0<i<twith a, {o} (or a, = {0}) then the degree of 
the subset polynomial p(x) is ‘t’. 


We will give some examples. 


Let p(x) = {6, 1, 2} x’ + {o}x° + {5, 7, 6, 1} x + {2, 3, 1} 
here {6,1,2!, , {5, 7, 6, 1} and {2, 3, 1} © P(X) =S; where 
X = {1, 2, ..., 10} be a subset polynomial in S(X). 


The degree of the subset polynomial p(x) is x’ as the subset 
coefficient is {6, 1,2}. 


Let p(x) = {0, a} x° + {0} x° + {0, aj, ao, a3} x° + fa, ag} € 
S[x] where S = {Collection of all subsets of the lattice C19 = 


under M, and U, operation. 


However if p; (x) = {O}x° + {aj, a, 0} x* + {aj, a, a3} € 
{S[x], U, A} the degree of p(x) is 5 and degree of p)(x) in 
{S[x], UL, Or} is four. 


However p;(x) € {S[x], OL, UL} and degree of p(x) is four. 
The concept of degree of the subset polynomial can be easily 
got depending on the context. Thus this task is simple. We do 
not accept zero {0} as the coefficient in case of {S[x], UL, A}. 


Now we proceed onto give examples of subset polynomial 
semirings. 


Example 3.6: Let S = {Collection of all subsets of the lattice 
L = 
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and S[x] the subset polynomial semiring. {S’[x], U, A} where 
S'[x] means ‘’ set is included in S and {S[x], M., UL} be 
another subset polynomial semiring. The reader can easily find 
degrees of any subset polynomial in S[x] or S’[x]. 


Example 3.7: Let S = {Collection of all subset of the lattice L = 
L, x L, where 
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{S[k], UL, AL} and {S’[x], U, A} be the subset polynomial 
semirings. 


Now we can define subset polynomial subsemirings of a 
subset polynomial semiring. We can also define subset 
polynomial ideal of S[x]. 


DEFINITION 3.2: Let S/x/] be a subset polynomial semiring. Let 
P CS/x]; if P is also a subset polynomial semiring under the 
operations of S[x] we define P to be the subset polynomial 
subsemiring of S[x]. If P in S[x] is such that for all a(x) € S[x] 
and p(x) € P. p(x) a(x) and a(x) p(x) are in P then we define P 
to be the subset polynomial ideal of S[x]. 


We will first illustrate both the situations by some 
examples. 


Example 3.8: Let S = {Collection of all power sets from the set 
X = {1, 2, 3}}. S[x] the subset polynomial semiring 


PS {Sax a; € {power set of {1, 2}} c S[x] and P is a 


i=0 


polynomial subset subsemiring. Clearly P is also a polynomial 
subset ideal of S[x]. 


Example 3.9: Let S = {Collection of all subsets of X = {1, 2, 
..., 10} together with X and } = P(X). 


S[x] the polynomial subset semiring. 


Consider P = {s a.x' a; € {Collection of all subsets of Y 


i=0 


where Y = {2, 4, 6, 5, 8{ Cc X} = P(Y)} Cc S[x]. P is a subset 
polynomial subsemiring of S[x]. Infact P is a subset polynomial 
ideal of S[x]. 


Inview of this we have the following theorem. 
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THEOREM 3.1: Let 
S = {P(X); X = {, 2, ..., n}} = {Powerset of X}. S[x] the subset 
polynomial semiring. P = {Zax a; € P(Y) = {powerset of 


i=0 


Y; Yis subset of X}} CS[x] is a subset polynomial ideal of S[x]. 
Proof is direct hence left as an exercise to the reader. 


Example 3.10: Let S[x] be the subset polynomial semiring with 
coefficients from S = P(X) where X = {1, 2, ..., 18}. Take P = 
{All polynomials of degree less than or equal to 19 in S[x]} c 
S[x]. 


P is a subset polynomial subsemiring of S[x]. However P is 
not a subset polynomial ideal of S[x]. 


For if p(x) = {9, 2, 8, 1} x! + {3, 10, 17} x + {4, 5} © P. 
Let a(x) = {5, 2} x! + {7, 8, 4} © S[x]. 


We see a(x) 1 p(x) 


= ({9, 2, 8, 1} A {5, 23) x” + {3, 10, 17} A {5, 2} x! + 
{4, 5} ~ {5,2} x! + {9, 2, 8, 1} A {7, 8,4} x? + {3, 10, 19} A 
{7, 8, 4} x + {4, 5} 0 {7, 8, 4} 


= {2} x? + {5} x'° + {8} x? + {4} ¢ P. So Pis nota 
subset polynomial ideal of S[x]. 


Inview of this we have the following theorem. 


THEOREM 3.2: Let S/x] be a subset polynomial semiring with 
coefficients from S = P(X) where X = {1, 2, ..., nj. A subset 
polynomial subsemiring in general is not a subset polynomial 
ideal of S[x]. 


Proof follows from the fact that if P[x] = {Collection of all 
subset polynomials of degree less than or equal to n, n a fixed 
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positive integer} < S[x] it is easily verified that P[x] is only a 
subset polynomial subsemiring and not a subset polynomial 
ideal of S[x]. 


Inview of this we see we have a class of subset polynomial 
subsemirings which are not subset polynomial ideals of S[x]. 


Now having seen the concept of subset polynomial 
subsemirings and ideals in powerset coefficient polynomials we 
proceed onto study this concept in case of powersets replaced 
by semirings. 


a, € S= {Collection of all 


Example 3.11: Let S [x] = [Zax 


i=0 


subsets of the semiring L = 


be the subset polynomial semiring. 


a; € {to the collection of all subsets of 


Take P[x] = {Sax 


i=0 


the subsemiring {j, h, I, 0} cL} c S[x]; it is easily verified P[x] 
is a subset polynomial subsemiring as well as subset polynomial 
ideal of S[x]. 
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Take P\[x] = [Zax a € {l, a, b,c, d,e, f, g} CL} be 


i=0 


the subset polynomial subsemiring of S[x]. 


Clearly P,[x] is not a subset polynomial ideal of S[x] for 
take s(x) = {0, h, j} x° + {i, j} in S[x] and 
p(x) = {g, 1, a} x + {b, c, d} in P\[x], we see s(x) Mr p(x) 


= {0,h, j} On {g, 1, a} xx + {i,j} {g, 1, a} x + {0, hy j} 
A {b, c, d} x? + {I, j} Ax {b, c, d} 


= {0,h, j} x° + {i,j} x + (0, h, j} x + (1, j} ¢ Pilx]. 
Hence the claim. 


However if we take M and U of subsets we see p(x) s (x) € 
P,[x] as the product p(x) s(x) is the empty subset polynomial of 
P,[x]. 


So we see in {S, [x], A, U}, P[x] is a subset polynomial 
ideal of S,[x]; however in {S[x], AL, UL}; P[x] is not a subset 
polynomial ideal of S[x] only a subset polynomial subsemiring. 


We see by using the operation , and VU, the subset 
polynomial subsemiring cannot be made into a_ subset 
polynomial ideal and however using the operation {S[x], U, A} 
we get P[x] is also a subset polynomial ideal of S[x]. This is 
one of the marked difference between these two subset 
polynomial semirings. 


Let us now study subset polynomial semirings over the 
semifields of characteristic zero. 


Example 3.12: Let S[x] = {s a,x'| a, € S= {Collection of all 


i=0 


subsets of the semifield Z” U {03} be the subset polynomial 
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semiring with coefficients from the subsets of semifield 
ZU {0}. 


Let P[x] = {Sax 


a; € P = {Collection of all subsets of 


i=0 


the semiring 5Z° U {03}} c S[x]. 


P[x] is a subset polynomial subsemiring as well as a subset 
polynomial ideal. 


Infact S[x] has infinite number of subset polynomial 
subsemirings which are ideals. Also S[x] has infinite number of 
subset polynomial subsemirings which are not ideals. 


For take P,[x] = 3 a,x'| a; € P = {collection of all subsets 
i=0 


of the semiring nZ” U {0}; na positive integer} C S} Cc S[x] is 
a subset polynomial subsemiring which is a subset polynomial 
ideal. 


a; € S or any collection of subsets 


Take P"[x] = {Sax 


i=0 


from any subsemiring mZ* U {0} (m an integer)}. n < o and 
P"[x] contains only subset polynomials of degree less than or 
equal to n. Clearly P"[x] is a subset polynomial subsemiring of 
S[x] which is not a subset polynomial ideal of S[x]. 


Example 3.13: Let S[x] = {Collection of all subsets coefficient 
polynomials in the variable x from the subsets of the semifield 
Q* U {0}} be the subset polynomial semiring. S[x] has infinite 
number of subset polynomial subsemirings which are not subset 
polynomial ideals. 


a; € {Collection of all subsets of 


For take P[x] = [Zax 


the semifield nZ” U {033} c¢ S[x]. P[x] is only a subset 
polynomial subsemiring and not an ideal; n a positive integer. 
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We can vary n in Z’ and we get infinite collection of subset 
polynomial subsemirings which are not subset polynomial 
ideals. 


However it is pertinent to keep on record that if we replace 
{S[k], Ut, AL} by {S[x], U, a} then under U and - they are 
ideals. Having seen these properties we extend to give some 
more examples. 


Example 3.14: Let 
S = {Collection of all subsets of the semiring R* U {0}}. 
S[x] be the subset polynomial ring. 


a; € {Collection of all subsets of 


Take P[x] = [Zax 


i=0 


QU {03} c St c Sx]; {P[x], Ut, AL} is only a subset 
polynomial subsemiring of S[x], however P[x] is not a subset 
polynomial ideal of S[x]. Suppose 6 is taken in S and {S’[x], vu, 
O} (i.e., 6 € S’) be the subset polynomial semiring. 


{P'[x], U, A} be the subset polynomial subsemiring of 
S'[x]; then clearly P’[x] is the subset polynomial ideal of S’[x]. 


We have infinitely many subset polynomial subsemirings in 
{S[x], UL, Ar} which are not subset polynomial ideals of 
{S[x], UL, AL}. Also {S’[x], U, A} has subset polynomial 
ideals. 


Interested reader can study these structures. 


Now having seen examples of both infinite subset 
polynomial semirings using powerset of a set X or a semiring 
we now proceed onto develop techniques of solving subset 
polynomials. 


We call a; + a)x as linear subset polynomials where a), a2 € 
P(X) as we cannot have the concept of inverse or unit in case of 
powersets; for X ~ A =A for all A € P(X) and AX 6 = 6 for 
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all A € P(X). AU =A, X UA = X; we cannot have inverse 
of a subset in P(X). Suppose 


p(x) = {1, 2, 3} x + {2, 5, 1} and q{x} = {2, 4, 6} x + {6, 7, 
8} where {1,2, 3}, {2, 5, 1}, {2, 4, 6}, {8, 6, 7$ © P(X) where X 
= {1, 2, 3, ..., 10}. 


p(x) x q(x) = ({1, 2, 3} x + {2, 5, 1}) x ({2, 4, 6} x + {6, 7, 
85) 


= {2} x° + {2} x + {9}. 


To solve the equation we can have several ways of reducing 
this as two linear subset polynomials. 


We give few of the solutions. 


({2}x + {4, 8, 6}) ({2}x + {2, 7}) 
= {2}x?+ {2}x +9. 


So {2}x + {4, 8, 6} =p) (x) and 
{2}x + {2, 7} =q, (x). 


({2,4,8} x + {8}) ({2, 6, 9} x + {2, 6}) 
= {2} x° + ox + {2}x +O. 


So that p> (x) = {2, 4, 8} x + {8} 
and qo (x) = {2, 6, 9} x + {2, 6}. 


Take ({2, 4}x + {5}) ({2} x + {6, 2}) 
= {2}x’+ {2}x+o 

thus p3 (x) = {2,4} x + {5} 

and q3 (x)= {2}x + {6, 2} 


and so on. 
We have many ways of reducing a given second degree 


subset polynomial with subset coefficients from a power set 
P(X) of the set X. 
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This is the marked difference between usual polynomials 
and the subset polynomials. Thus the breaking of a nth degree 
subset polynomial linearly is not unique we have several ways 
of doing it. So we can think of any analogous concept like for 
fundamental theorem of algebra which says every nth degree 
polynomials has n and only n roots which can be equivalently 
termed as every nth degree polynomial can be written uniquely 
except for the order as the product of n linear polynomials of 
course repetition is accepted. 


Let us consider two polynomials 

({3}x + {6}) (35x + {6}) 

{3}x" + {6} 

= (13, 23x + {6}) (12, 5}x + {6, 9}) 

= {2}x" + {6} 

= ({8, 2, 1}x + {6, 4, 5}) x ({9, 3, 2} x + {6, 7}) 
= {2} x’ + {6} and so on. 


So we see even a second degree subset polynomial equation 
of this simple form has several ways of decomposition. Infact 
the larger the X we take the powerset P(X) give more and more 
decompositions the smaller the set, the lesser number of linear 
decomposition as the product of linear subset polynomials. 


Consider p(x) = ({1, 2, 3}x + {4, 5}) ({1, 2, 5}x + {9, 10}) 
({1, 2, 7}x + {8, 7}) where {1, 2, 3}, {4, 5}, {1, 2, 5}, {9, 10}, 
{1, 2, 7} and {8, 7} are in S = P(X), where X = {1, 2, 3, ..., 
hos 


p(x) = ({1, 2, 3}x + {4, 5}) ({1, 2}x? + Ox + Ox + 6) 
= {1,2}x° + ox? + Ox +0 
= {1,2} x°. 


Thus we see polynomials of the form p(x) = Ax"; with A ¢ 
P(X) can be factored into subset linear polynomials. 


Let p(x) = {1, 4, 6, 8} x° then p(x) = ({1, 4, 6, 8tx + {2}) 
({1, 4, 6, 8, 7x + (33) ({1, 4, 6, 8, Stx + {10}) (11, 4, 6, 8, 5, 
12}x + (11) ({1, 4, 6, 8, 13}x + £133): where {103, {113, (33, 
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{245 wee {1, 4, 6, 8}, {1, 4, 6, 8, 5} {1, 4, 6, 8, 7}, {1, 4, 6, 8, 
5, 12}, {1, 4, 6, 8, 13} © P(X). 


Thus this is the marked difference between usual 
polynomials and subset polynomials. For p(x) = x", we write it 
clearly as p(x) = X.x.x. ..., X = x", but if p(x) = {A}x" where 
A e€ P(X) we can break it linearly into n terms and n of them 
distinct. 


A natural question would be can we have linear 
decomposition for p(x) = Ax" for any n or does it depend on X 
of P(X). The answer is the decomposition of p(x) = Ax" is 
highly dependent on the cardinality of X and the n. 


For if we take X = {1, 2, 3} and p(x) = {2, 1} x* then we 
cannot break it as 4 distinct linear subset polynomials. 


For p(x) = {2,1} x* 


= ({1,2}x + 6) CL, 2, 3} x + {3$) CL, 25x + {6)} C112, 3} 
x +). 


We see only two of them are distinct that also in a very 
different way so p(x) = Ax" may not be decomposable as 
distinct linear factors. 


It is left as open problems. 
Problem 3.1: If X = {aj, a, ..., an} and Ax” = p(x); m>n, 
A eé P(X) then can we decompose p(x) into linear subset 


polynomials which are distinct? 


If m <n, is it always possible to decompose p(x) into 
distinct m linear subset polynomials? 


Now we proceed onto state the problem. 


Problem 3.2: Let P(X) be a power set of X where |X| = n. 
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Let p(x) = Ax” + B, A, B © P(X) m < n. Can p(x) be 
decomposed into distinct linear subset polynomials in S[x] 
where S = P(X)? 


We leave these two open problems for any researcher. 


Example 3.15: Let S[x] = {Sax a, € {Collection of all 


i=0 


subsets of the semiring C,; = L = 


be the subset polynomial semiring. 
Take p(x) = {ag}x” © S[x]; if possible. 
P(X) = ({ao$X + {ai}) (ae, a2$ X + {as}) 
= {ag}x° + {a6, ao}x + {a5}x +{a3} so we cannot present in 


this way. 


We are at a problem of finding a possible linear distinct 
decomposition of subset polynomials. 


This is also left as an open problem. 


Problem 3.3: Let S[x] = {Zax a, € {Collection of all 


subsets of a chain lattice C, = L = 
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be a subset polynomial semiring. 


(i) Can p(X) = Ax" + B where 
A, B € S = {Collection of all subsets of the chain lattice C,=L} 
be linearly decomposed into distinct subset polynomials with 
coefficient from S? 


(ii) For what values of n and A € S we can solve p(x) = Ax" 
into distinct linear subset polynomials in S[x]? 


Suppose in problem 3.3, L is replaced by ZU {0} can we 
solve p(x) =Ax" and p;(x) = Ax" + B where A, B ¢€ S as distinct 
linear decomposition of subset polynomials? 


Example 3.16: Let S[x] = [Dax a; € {Collection of all 


subsets from the semiring Z” U {0}}} be the subset polynomial 
semiring. Let p(x) = {2, 4, 3} x) + {8, 9, 10, 11} © S[x]. 
p(x) = ({2, 4, 3}x + {8, 9, 10, 11}) ({2, 4, 3, 19} x + {8, 9, 10, 
11, 18}) ({2, 4, 3, 25}x + {8, 9, 10, 11, 27}) ({2, 4,3,4,0)x + 
{8,9,10,11,90}); that is p(x) is linearly decomposable into four 
distinct linear subset polynomials. 


Inview of this we see p(x) = Ax" + B; A, B ¢€ S can be 
decomposed linearly into n linear subset polynomials. This is 
possible as the cardinality of the semiring is infinite, that is 
Z* VU {0}. 
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Example 3.17: Let S[x] = {Sax a; € {Collection of all 


i=0 


subsets of the semiring Q* U {0}}! be the subset polynomial 
semiring. 


All subset polynomials of the form Ax" + B = p(x) and 
q(x) = Ax™ are linearly decomposable as distinct linear subset 
polynomials. 


However if Z’ U {0} or Q” U {0} is replaced by P(X), 
power set of a finite set X or by a chain lattice L of finite order 
or by a any distributive lattice of finite order both the subset 
polynomials p(x) = Ax" + b and q(x) = Ax” are not linearly 
decomposable for all m and n. 


Problem 3.4: It is left as an open problem to find the highest 
values of m and n in the subset polynomials p(x) = Ax" + b and 
q(x) = Ax™ A, B € S = {Collection of all subsets of a semiring 
of order t} so that the subset polynomials are not linearly 
decomposible for all m and n when 


(i)t>mandt>n 

(ii) t<mandt<n 

(iii) t=m=n 

(iv) t>mandt<n and 
(v)t<mandt>n. 


Now one of the interesting features about these subset 
polynomials is for a given nth degree subset polynomial we 
have two possibilities. 


(i) The nth degree subset polynomial can be linearly 
decomposable into n distinct subset polynomials in 
many ways. 

(ii) Sometimes of nth degree polynomial may not be 
linearly decomposable into distinct subset polynomials 
only as repeated linear subset polynomials. 


110 | Subset Polynomial Semirings and Subset Matrix Semirings 


Thus we see subset polynomials behave in a very different 
way from the usual polynomials. Further we cannot write a 
value for x, however we can only say with some subset 
coefficient we have a related subset associated with it. 


At this stage the usual way of solving polynomials is not 
possible. 


We proceed onto construct examples of subset polynomial 
rings over fields and rings. 


In the definition of a subset polynomial semiring if the 
semiring or the powerset is replaced by a ring still we get only a 
subset polynomial semiring (The same is true if the semiring is 
replaced by a field). 


Example 3.18: Let 
S = {Collection of all subsets of the ring Z)>}. 


S[x] = [Zax a; € S} be the subset polynomial semiring 


i=0 


and My and Uy 1.e., the operations on sets inbibe the operations 
from Z). 


Consider p(x) = {2}x + {6} we see 
PC(3}) = {2} {3} + {6} = {6} + {6} = {12} = {0}. 


Thus {3} is the subset root of the polynomial p {x}. 
Take x = {3, 9} € S we see p({3, 9}) = {2} {3, 9} + {6} 
= {6,6} +6 

= {6} + {6} = {0}. 


Thus {3, 9} € S is also a root of p(x). 


Now consider the subset polynomial 
P(x) = {43x + {8} © S[x]. 
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Put x = {4} 
P ({4}) = {4} {4} + {8} 
= {4} + {8} = {0}. 


So {4} is a subset root of p(x). 


Take x = {7}, p(x) = p ({7}) = {4} {7} + {8} 
=a} tty 0p 

So {7} is also a subset root of p(x). 

Let x = {10}, p({10}) = {4} x {10} + {8} 

= 14} $48} = 10}, 


{10} is also a root of p(x). Thus the linear subset 
polynomial has three distinct subset roots. 


Suppose p(x) = {4} x° € S[x] to find roots of p(x). 
p(x) = {4} x? take x = {3} 

p({3}) = {4} ({3})° = {4} ({3} x {3} x 3}) 

= {4} C9} x (35) 

= Hy aes RO 


So {3} is a root. 
{0} is a trivial root. {6} is a root, {9} is also a root for 


p({9}) = {4} ({9})° = {0}. 
{3,6} is also a subset root of p(x) for 
p({3, 6}) = {4} {(3, 6)}° = {0}. 


{3, 6, 0} is also a subset root p({3, 6, 0}) = {0}. 
{0, a} is also a root of p(x), 

{3, 9} is also a root of p(x), 

{0, 3, 9} is also a root of p(x), 

{0, 3, 9, 6} is also a root of p(x) and 

{3, 9, 6} is also a root of p(x). 


Thus we see the subset polynomial p(x) = {4}x° has several 
subset roots. 
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This is a marked difference and an interesting feature of the 
subset polynomials. 


The main advantage of such subset polynomial equations 
are if we are given a usual polynomial which is linear we have 
one and only one root; so if someone wants to apply it in some 
situation and has no choice but forced to take the solution 
whether feacible or not but incase of subset polynomial 
equations we have several such roots and we can choose the 
feacible one. 


But however by using the subset linear polynomial we can 
have several solutions for this linear subset polynomial 
equation. So depending on the nature of the problem one can 
make an appropriate or a feacible solutions from the set of 
subset solutions. Thus without any doubt this method has an 
advantage over the other methods. 


Example 3.19: Let 


S = {Collection of all subsets from the ring Z4}. S[x] be 
the subset polynomial semiring in the variable x. 


Let p(x) = {2, 4, 6}x" + {7, 8,9} and 
q(x) = {6, 8, 12} x° + {3, 2, O}x? + {1, 2} be in S(x). 


We show how we perform the operation of ‘+’ and x on 
S[x]. 


P(X) + q(x) = {6, 8, 12} x° + ({2, 4, 6} + (3, 2, 0}) x’ + ({7, 
8, 9} + {1, 2}) 


= {6, 8, 12} x° + {5, 4, 2, 4, 7, 9, 8, 6} x° + {8, 9, 10, 11} € 
S[x]. 


This is the way ‘+’ operation in S[x] is performed. 


Consider p(x) x q(x) = 
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{2, 4, 6} x {6, 8, 12}x° + {7, 8, 9} {6, 8, 12}x? + {2, 4, 6} x 
{3, 2, 0} x* + {7, 8, 9} {3, 2, O} x? + {2, 4, 6} x {1, 2} x? + {7, 
8, 9} x {1, 2} 


= {12, 0, 16, 8} x° + {18, 8, 12, 16, 0, 6}x* + {0, 6, 4, 12, 8, 
18} x* + {21, 14, 0, 16, 3, 18} x’ + {2, 4, 6, 8, 12} x° + {7, 8, 9, 
14, 16, 18} 


= {0, 8, 12, 16} x° + {0, 4, 6, 8, 12, 18} x*+ {0, 6, 8, 12, 
16, 18} x° + {2, 4, 6, 8, 12, 23, 16, 18, 5, 20, 1, 7, 22, 3, 9, 0, 11, 
9, 15} x’ + {7, 8, 9, 14, 16, 18}. 


This is the way product in S[x] is performed. 


We can also speak of the degree of the polynomials in S[x] 
after performing addition and multiplication. 


If the coefficients which are subsets are from the chain 
lattice or fields then deg (p(x) x q(x)) = deg (p(x) + deg (q(x)). 


If the subsets are from a Boolean algebra of order greater 
than two or from rings with zero divisors 


deg (p(x) x q(x)) < deg p(x) + deg q(x). 
We will illustrate this situation by some examples. 


Let us take a polynomial q(x), p(x) from S[x] where 
S = {Collection of all subsets from Z}. Let p(x) = m; x' + m1 
x'! +... + mo and qo =n, x°+ ng, x*' +... + no where m, # 0 
and n, #0; mj andnj € S;0<i<tand0<j<s. 


Clearly deg (p(x) x q(x)) = deg p(x) + deg q(x). 


deg (p(x) + q(x)) = deg p(x) (or deg q(x)) according as 
deg (p(x)) > deg q(x) or deg q(x) > deg p(x). 


Let p(x) = {0, 3, 2, 7} x’ + {13, 5} x? + {-7, 4, 9, 91}x + 
{120, 14, -20, 11} and q(x) = {8, 1, 9}x'? + {-3, -2, -1}x° + 
{6, 7} x’ + {8} x? + {20, -14} x + {3, 1, 2} © S[x]. 
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Clearly deg p(x) = 7 and deg q(x) = 12. 


Now deg (p(x) + deg q(x)) = deg ({8, 1, 9}x"” + {-3, -2, 
—1}x* + {0, 3, 2, 7, 6} x’ + {8} x° +{13, 5} x° + {-7, -4, 9, 91, 
20, -14} x + {3, 1, 2, 120, 14, -20, 11}) 


=12 (deg q(x)). 


Now p(x) x q(x) = {8, 1, 9} {0, 3, 7, 2} x x’? x x’ + £3, -2, 
—1} x {0, 3, 2, 7} x® x x’ {6,7} {0, 3, 2, 7} x’ x x’ + {120, 14, - 
20, 11} x {3, 1, 2}. 


Thus deg (p(x) x q(x)) = 
deg {0, 24, 3, 27, 7, 56, 63, 16, 2, 18} x!” + {0, -9, -6, -21, 
6, 4, -14, -7, -3, -2} x° +... + {360, 42, -60, 33, 120, 14, - 
20, +11, 240, 28, 40, 223) = 19. 


Clearly in S = {Collection of all subsets of the ring Z}. 
So if A,B eS. Clearly A x B # {0}. 


Now A + B = {0} can occur for take A = {7} and B = {-7} 


then A + B = {0}. So when we take two subset polynomials 
p(x) and q(x) of same degree say n, then see 


deg (p(x) + q(x)) < deg (p(x)) (or deg q(x)). 


Let p(x) = {-10}x* + {8, 9, 4, 3}x° + {2, 3} x* + {7, 8, 10, 
—150, 43 


and q(x) = {10} x° + {3, 4, 5} x*+ {40, 80, 129, -59} x? + 
{8} x’ + {7, 4, -10} in S[x]. 


We see p(x) + q(x) = ({-10} +{103) x*° + {8, 9, 4, 3} x + 
{3, 4, 5} x* + {-40, 80, 129, -59} x* + ({2, 3} + {8}) x” + ({7, 
8, 10, -150, 4} + {7, 4, -10}) 


= {0}x* + {8, 9, 4, 3}x° + {3, 4, 5} x* + {40, 80, 129, -59} 
x? + {10, 11} x? + {14, 15, 17, -143, 11, 12, 14, -146, 8, -3, -2, 
0, -160, —6}. 
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So deg (p(x) + q(x)) = 5 as coefficient of x* is {0}. 
So deg (p(x) + q(x)) < deg (p(x) and deg q(x). 


Let us take S = {Collection of all subsets from the ring Z)}. 


S[x] = {s a,x'| a; € s} be the subset polynomial semiring. 


i=0 


Take p(x) = {0, 4}x° + {1, 2, 3} x° + {6, 7} x + {8, 9, 10} and 
q (x) = {0, 3, 6, 9} x* + {3, 5, 7} x” + {1, 2, 0} © S[x]. 


We find p(x) x q(x) = {0, 4} x {0, 3, 6, 9} x x° x x®+ {1, 2, 
3} x {0, 3, 6, 9} x° x x° +46, 7} x {0, 3, 6, 9} x x x* + {8, 9, 10} 
x {0, 3, 6, 9} x + {0, 4} x {3,5, 7} x° x x’ + {1, 2, 3} x {3, 5, 
T} x? x x? + {6, 7} x {3, 5,7} x x x? + {8, 9, 10} x {3,5, 7} x? + 
{0, 4} {1, 2, O} x° + {1, 2, 3} x {1, 2, 0} x x? + {6, 7} x {1, 2, 
0} x + {8, 9, 10} x {1, 2, 0} 


= {0} x" + {0, 3, 6, 9} x!" + {0, 6, 9, 3} x” + {0, 3, 6, 9} x" 
+ {0, 8, 4} x "+ {3, 5, 7, 6, 10, 2,9} x° + {6, 9, 11, 1p x’ + (0,4, 
8, 3, 9, 6, 2, a 
2} x + {8, 4, 9, 6, 10}. 


Clearly deg (p(x) x q(x)) = 11 < deg p(x) + deg q(x) and 
deg (p(x) + q(x)) = deg q(x) = 8. 


Take p(x) = {7} x® + {2,1, 3, 4} x° + {0, 5, 6} x’ + {1, 2, 0, 
9, 11} and 


q(x) = {5}x® + {1, 2} x’ + {4, 8} x° + {7} x? + {3} ES [x]. 


We see p(x) + q(x) = ({7} + {5}) x® + {1, 2} x’ + {1,2,3,4} 
x° + {4, 8} x° + ({0, 5, 6} + {7}) x? + {1,2,0,9,11} +{3} = {0} 
x? + {1,2}x’ + {1, 4, 2, 3, 8} x° + {0, 5, 6, 7} x’ + {1, 2, 3, 9, 
11, O}. 


deg q(x) = 8 but 
degree of (p(x) + q(x)) = 7 < deg p(x) and (deg q(x)). 
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Now having seen how the degree of subset polynomial 
work out and also having seen how product and sum work out 
we now proceed onto work with subset polynomials degree in 
S[x] of a group and a semigroup under the ‘VU’ and ‘7’ 
operations. 


When coefficient of any power of x is empty we do not take 
that element to exist. 


Let 
S = {Collection of all subsets of the group G = Z, \ {1}, S[x] 
be the subset polynomial semiring with coefficients from S in 
the variable x. 


Let p(x) = {3, 2} x°+ {1,2}x? + {1,5,6} and q(x) ={4,6,1}x® 
+ {3,4} x4+ {1,2} be in S[x]. 


We find p(x) A q(x) = ({3,2} A {4,6,1}) (x° x x) + ({1,2} 
CV {4,6,1}) (x? x x®) + ({1,5,6} O {4,6,1}) (x®) + (43,23 7 {3, 
4}) (x® x x) + ({1,2} A (3,43) & x x) + ({1,5,6} 9 (3,4) 
(x? x x4) + ({1,5,6} © {3,4}) (x4) + ({3,2} 0 {1,2}) (x + 
({1,2} A {1,2}) x? + ({1,5,6} O {1,2}) = ox'* + {1} x? + 
{1,6}x® + {3}x!0 + {b}x’ + {O}x? + {2}x°+ {1,2}x7+{1} © S[x]. 


Clearly deg (p(x) x q(x)) is 9 for the coefficient of x'* is 9. 

Now one can find p(x) U q(x) = {4, 6, 1}x® + {3, 2}x° + 
{3, 4}x" + {1,2}x° + {1, 2, 5, 6} © S[x] and deg of (p(x) + q(x)) 
is 8. 

We have seen that in case of subset polynomial semirings 
over semigroup or group we may have the non commutative 
nature of the semigroup. 


We will illustrate this situation by some example. 


Let S = {Collection of all subsets from symmetric 
semigroup S(3)}. 
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a, € S} be the subset polynomial 


S[x] = {Sax 


semigroup of the symmetric semigroup S(3). 


Let p(x) = {pi}x° + {p2, pi}x + {pa} and q(x) = {p2}x” + 
{pitx + {ps3} © S[x]. 


Now p(x) 0 q(x) = {pi} x {p3}x? + {po, pi} x {po}x x x* + 
{p2, pi} x {pi}x x x + {pa} {pi}x + {pi} x {ps}x° + {po, pi} x 
{p3}X + {pa} {ps} 


= {ps} + {e}x" + {pa}x° + fe, ps}x° + {pa, efx” + {po}x + 
{pa}x” + {pa PsfX + {pi}. 


= {ps}x° + felx" + ie Ps, ps}x° + {Pa, e}x? + {Po Ps, Ps}X oF 
{pif- 


We find now q(x) x p(x) = ({p2}x” + {pi}x + ps) (pix? + 
{p2, pi}X + {pa}) 


= {po pi}x” x x + {pr x? + {ps pbx’ + {p3, po pi}x + {p1 
P2, P; 3x” + {pi pa}x + {ps, pi}x° + {Ps, pa, ps, PikX + {Ps pa} 


= {pabx° + fe}x* + {pstx° + fe, patx? + {ps, etx? + {p3}x + 
{pstx + {ps, pafx + {po} 


= {pa}x° + {e}x4 + {ps, e, patx” + {ps, e}x” + {ps, pa, ps}x + 
{Po}. 


Clearly p(x) x q(x) # q(x) x p(x). 


So we see this subset polynomial semigroup is non 
commutative but of infinite order. 


Now we consider the subset polynomial semigroup over the 
group Ag. 
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Let 


S = {Collection of all subsets from the alternating group Aq}; 


S[x] = {Sax 


i=0 


a; € S} be the subset polynomial semigroup 


over Ay. Clearly S[x] is a non commutative semigroup of 
infinite order. 


‘ my ee) ee (ee ; 
OO es eS lea a 
l(b 2 oa lil 2 24s 
GO Wargta aire Wow, Co 
vay Ht 23 4)(123 4] 
PIXIO= Ji 3 4 ohl3 241) *% 
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a xh 
ae a ee ee a | 
eee eee nde | eee 
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p(x) x q(x) # q(x) x p(x). 
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We see if we are to get subset polynomial semigroups 
which are non commutative that is to get non commutative 
subset polynomial semigroups we should use non commutative 
semigroup or non commutative group over ring or field or 
semifields or semirings. 


To get non commutative subset semiring using non 
commutative rings. 


a; € {Collection of all subsets from the 
i=0 


Let S[x] = {Sax 


group ring Z,S3} be the subset polynomial semiring which is 
clearly non commutative. 


For take p(x) = {p), potx + {p3} and q(x) = {pa}x + {pi} in 
S[x]; 


p(x) x q(x) = ({pi, p2tx” + {ps}) x ({pa}x + {pi}) = {Pi Pa 
P2 Patx” + {p3 pa}x + { pr, P2 pi}x’ + {Ps pi} 


= {p3, pi}x” + fe, pa}x’ + {po}x + {ps} © S[x]. 


q(x) x p(x) ={({pa}x + {pi}) x ({p1, p2}x” - {ps}) 
={pa} x {Pi, Po}x’ + {py , Pi Pa} x x + {pa ps}x + {pi ps} 
= {po, p3}x° + fe, ps}x? + {ps}x + {py}. 


Clearly p(x) x q(x) # q(x) p(x) 


Thus S[x] is a non commutative subset polynomial 
semiring. 


Let S[x] = {Sax a; € S = {Collection of all subsets of 
i=0 

the semigroup ring ZS(7) where S(7) is the symmetric 

semigroup} be the subset polynomial semiring which is non 

commutative. 
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Let p(x) = {1 + pi, pa}x + {po + ps, 1} and q(x) = {po + 1 + 
p3}x + {p4 + pi, p3} be in S[x]. 


p(x) x q(x) = ({1 + pi, pa} + {po + ps, 1})x” +{1, po + ps} x 
{p2 + p3+ 1})x + {1+pi, pa} {pa +pr, p3}x + {po + ps, 1} x {pi + 
ps, ps} 


= {P2,+ Ps + 1, p2 + p3 + pa + ps}x + {pa + pz + pi, Po + pa + 
Ps + p2}x° + {p3 + pa, ps + po, €, e + pi + pa + p3}x + {€ + Ps, ps, 
Pi + pa, Pi + pr} 


= {pa + ps, pi + ps + pa}x’ + {p2 + p3 + 1, po + ps + pat ps, 
P3 + Pa, P2 + ps, €, © + py + Py + p3}X + {e + ps, p3, Pr + pa, Pr + 
P2}.- 


Find q(x) x p(x) and test the commutativity of the product. 


Now we have seen several examples of non commutative 
subset polynomial semirings. We can find subset polynomial 
subsemirings and subset polynomial ideals of these subset 
polynomial semiring. 


Infact if we are using non commutative subset polynomial 
semirings to find right subset polynomial ideals and left subset 


polynomial ideal for subset polynomial semirings. 


We will show this by some examples. 


a, €S = {Collection of all subsets of 


Let S[x] = [Zax 


the group ring Z; S3} be the subset polynomial semiring. 


Take the right ideal generated by the subset polynomial 
p(x) = {pi + 1}x* + {po}x + {ps}, say I. 


Clearly the left ideal generated by the subset polynomial 
p(x) be J. Weseel¥J. 
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Consider S[x] = [Zax a; € S = {Collection of all subset 
i=0 


of the semigroup ring Z; S(5)} be the subset polynomial 
semiring S[x] has both left and right ideals. 


For take the right ideal generated by the subset polynomial 
{234 ST 2 34 SVL 23 4 Syl 
p(x) = ) 3 x + 
ty a Tee Se Se IS i ee A 
1 o3 4.5) 792.3 4 S123 45 a 
44441711245 372345 1){* 
2S 4 S11 2:3 45/0 23°45 
13 3.) Bob O°S: & SIs T 6 3 


generates both right subset polynomial ideal say J as well as left 
subset polynomial ideal say I; we see I ¥ J. 


Let S[x] = {Sax 


i=0 


ai € S = {Collection of all subsets of 


the group ring ZD»9} be the subset polynomial semiring of the 
ring ZD3». 


This has both right ideals as well as left ideals. 


Let Do» = {a, b | a = 1 = b’, bab = a} be the non 
commutative group. S[x] is a subset polynomial semiring of the 
group ring. 


Let p(x) = {8 + 9b + 7b’, 1, 1 + ab’ + ba?}x? + {-9b? + ab? + 
9a, 1 + b’a} © S[x]. Let I be the right ideal generated by p(x) 
and J be the left ideal generated by p(x). Clearly J ¥ I. 
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Let S[x] = {Sax a, € S = {Collection of all subsets of 


i=0 


the group semiring LS, where L is the distributive lattice given 
by L= 


Take p(x) = {as; + ds) + es3 + fs4}x° + {ass, ds7, es3 + S4, S12 
+ bsis} € S[x], s; € S43 1 <i< 24. 


We find the right and left ideal generated by p(x). 


We can also speak of maximal subset polynomial ideals and 
minimal subset polynomial ideals. This task is left as an 
exercise to the reader. 


However one can also develop the notion of prime and 
principal subset polynomial ideals this task is a matter of routine 
so left as an exercise to the reader. Several problems in this 
direction are suggested at the end of this chapter. 


We can define in a similar way the notion of Smarandache 
subset polynomial semiring, Smarandache subset polynomial 
subsemiring and Smarandache subset polynomial ideals of all 


types. 


124 | Subset Polynomial Semirings and Subset Matrix Semirings 


Example 3.20: Let S[x] = {: dex" 
i=0 
subsets of the semiring L; where L = 


a, € S = {Collection of all 


1 


be the subset polynomial semiring of the semiring L. S[x] is a 
Smarandache subset polynomial semiring. 


a; € {Collection of all subsets of the 


For take P = {Sax 


i=0 


chain sublattice T of L is as follows: 


> yy aoe 
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to be the subset polynomial subsemiring of the subset 
polynomial semiring S[x]. 


Now M = {{1}, taj, tc}, td}. tf, tg}, th}. ti}, tO}; oP 
is a semifield hence P is a S-subset polynomial subsemiring of S 
as M is a subset semifield. 


Example 3.21: Let 


S [x] = {s a,x'| a; € S = {Collection of all subsets of the 


i=0 


ring Z}} be the subset polynomial semiring of the ring Z. 


P= [Dox 


U {0}} be the subset polynomial subsemiring c S[x]. Clearly P 
is a Smarandache subset polynomial subsemiring of S[x]; for 
T = {{n} |n € {ZU {03} CS isa subset semifield. 


b; € {Collection of all subsets of semiring Z* 


Clearly S[x] is also S-subset polynomial semiring as 
T ¢ S[x] is a subset semifield. Hence S[x] is a S-subset 
polynomial semiring. 


Example 3.22: Let S[x] = {> a; x' | a; ¢ S = {Collection of all 
subsets from the ring C(Z)2) (g) with g’ = 0}} be the subset 
polynomial semiring. S[x] is also a S-subset polynomial 
semiring. 


Now having seen examples of Smarandache subset 
polynomial semirings we now proceed onto define topologies 
on subset polynomial semirings. 


Let S[x] be the subset polynomial semiring. 


Let T = {Collection of all subset ideals of S[x]}. Give 
operation U and mon T. For A, B € T, A U B in general need 
not be an ideal so we generate the ideal so (A U B) is an ideal of 
T. However A ~ B is always an ideal and is in T. 
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Thus {T, U, M} is a topological space defined as the subset 
polynomial ideal topological space semiring of S[x]. 


We see in general the semiring topological subset 
polynomial ideal space is of infinite cardinality. 


oo 


Example 3.23: Let S[x] = [Zax 


i=0 


a, € S = {Collection of all 


subsets from the field Z5}} be subset polynomial semiring of the 
field Zs}. 


We see if T = {Collection of all subset polynomial ideals of 
the semiring S[x]}; then {T, U, M} is a subset polynomial ideal 
topological space of the semiring S[x]. 


Example 3.24: Let S[x] = {Sax a; € {Collection of all 


i=0 


subsets of the Boolean algebra 


be the subset polynomial semiring. 
T = {Collection of subset polynomial ideals of S[x]}. 


{T, U, A} is a subset polynomial semiring ideal topological 
space of S[x]. 
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Example 3.25: Let 


S[x] = [Zax a, € S = {Collection of all subset of the 
i=0 

field C}} be the subset polynomial semiring. T = {Collection of 

all subset polynomial ideals of the subset polynomial semiring 

S[x]}; T is a subset polynomial ideal topological space of S[x]. 


Now we can define for a subset polynomial semiring the 
notion of subset polynomial ideal new topological space of the 
semiring only in case when the coefficients of the polynomials 
are subsets from a ring or a field or a semiring or a semifield. 


We consider the same T = {Collection of all subset 


polynomial ideals of the semiring S[x]; where S = {collection of 
all subsets from the field or ring or semiring or a semifield}}. 


We define for any subset A, B € S, A Ny B=C where On 
is the product in the field or ring or semiring or a semifield. 


Similarly A Uy B where Uy is the sum (addition) defined in 
the field or ring or semiring or a semifield. 


We will first illustrate this situation by an example or two. 
Example 3.26: Let 


S = {Collection of all subsets from the ring Z>}. S[x] be the 
subset polynomial semiring. 


Let T = {Collection of all ideals of S[x]}, {T, Ux, An} is a 
semigroup. 


If p(x) = {3, 2, 1}x? + {1, 4}x + {5, 2} and q(x) = {4}x? + 
{2, 3, 0} are in S[x]. 


p(x) An q(x) = {0, 2, 4}x° + {4}x* + {2}x? + {0, 4, 2, 3}x? 
+ {2, 3, O}x + {4, 0, 3} 
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= {0,2,4}x° + {4}x" + {0, 4, 2, 3}x° + {0, 2, 3}x + {0, 3, 4} 
€ S[x]. 


We now find p(x) Un q(x); p(x) Un q(x) = {5, 0, 1}x° + {1, 
Atx + {1,5,2,43 © S[x]. 


This is the way operations Uy and My are performed {T, 
Un, On} is defined as the subset polynomial ideal new 
topological semiring space. 


Example 3.27: Let 
S = {Collection of all subsets of the ring Z4(g)}. S[x] be the 
subset polynomial semiring. 


T = {Collection of all subset polynomial ideals of S[x]} 
{T, Un, An} is a subset polynomial new topological ideal space 
of the semiring S[x]. 


By taking  ¢€ T, that is T’ = {T U 6} we get (T’, U, 4) the 
subset polynomial topological ideal space of the semiring S[x]. 


Example 3.28: Let S [x] = (Zax a; € S = {Collection of all 


i=0 


subsets of the semiring 


ed 


0 


be the subset polynomial semiring. 
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T = {Collection of all ideals of the subset polynomial 
semiring}; (T’, U, A) and (T, Ux, An) is a subset polynomial 
ideal topological space semiring and subset polynomial new 
ideal topological space semiring respectively. 


Thus we can have two topological spaces on subset 
polynomial semiring topological spaces and new topological 
subset polynomial semiring. 


The authors have given several problems at the end of this 
chapter to solve. 


Now we proceed onto define the notion of set subset 
polynomial ideal of a semiring or set ideal of the subset 
polynomial semiring. 


DEFINITION 3.3: Let S [x] = {{Sa; x' | a; € S = {Collection of 
all subsets of the semiring (O° VU {0} S3}} be the subset 
polynomial semiring. Let P c S[x] be a subset of S[x]. 
T CS]x] be a subset polynomial subsemiring. If for p € P and 
t € T; pt and tp é& P, then we call P to be a set ideal subset 
polynomial semiring over the subset polynomial subsemiring T 


of S[x]. 
We will first illustrate this by some examples. 


Example 3.29: Let S [x] = {Xai x! | aj € S = {Collection of all 
subsets from the ring Z,4}} be the subset polynomial semiring. 
Take the subset polynomial subsemiring P = {{0}, {0,2}, {2}} 
Cc S[x]. 


T = {Collection of all set ideals of S[x] over P} 

= {{{0}, {0,2}x, {2}x}, {{0}, {0,2,3}x? + (0,1,2}x + {0,3}, 
{0,2}x° + {0,2}x + {0,2}}, {{0}, {0,3} x® + {0,2,3}, {0,2}x* + 
{0,2}} and so on}. 


We see finite subsets in S[x] can be set subset polynomial 
ideals of the semiring. This is impossible in case of usual 
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ideals. Thus the main and interesting feature of set ideals is we 
have finite subsets of S[x] to be set ideals of S[x]. 


However if the subset polynomial subsemigroup P has even 
one x term certainly P will be of infinite cardinality, 
consequently all set ideal subset polynomial semirings will be 
of infinite order. 


We will illustrate this situation by an example of two. 


Example 3.30: Let S[x] = {Collection of all polynomials 


Yad where a; € S = {Collection of all subsets from the ring 
i=0 


Z(g) with g” = 0}} be the subset polynomial semiring. 


P= {{0}, {0,3}, {3g,0}, {3+3g, 0}, {3, 3g, 3+3g, 0}} be the 
subset semiring of S[x]. We can have set ideals of finite subsets 
in S[x]. This is the advantage of using this P. 


However if P has even a single x term P will be of infinite 
order if P is to be a subset polynomial subsemiring of S[x]. 


Example 3.31: Let S[x] = {Xa; x'| a, € S = {Collection of all 
subsets of the semiring Z” U {0}}} be the subset polynomial 
semiring. We see every subset subsemiring of S[x] is of infinite 
order. So every set ideal of the subset polynomial semiring is of 
infinite cardinality. We cannot think of finite set ideals of S[x]. 


Even if we replace Z* U {0} by (Z’ U {0}) (g) or R’ U {0} 
or Q” U {0} all set ideals of the subset polynomial semiring will 
continue to be of infinite order. 


Example 3.32: Let 
S = {Collection of all subsets of the field Z43}. 


S[x] = 2 a,x'|a; € S} be the subset polynomial semiring. 


i=0 


Take two subsets P = {0, 1} and A = {{03, {0, 40}x’ + {0, 2, 5, 
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4,3, 11}x°+ {1, 5, 6, 7, 40, 41, 39}x* + {2, 3, 4,5, 28, 27}} < 
S[x]. A is a quasi set ideal of the subset polynomial semiring 
over the set P = {0, 1}. Infact S[x] has several such quasi set 
ideals. 


Example 3.33: Let S[x] = {s a,x'| a; € S = {collection of all 


i=0 


subsets of the ring Z,4 (g) with g? = 0}} be the subset 
polynomial semiring. Take P = {0, 1, g} Cc S[x] as a subset. We 
have several quasi set ideals of the subset polynomial semiring 
over the set P. 


Let T = {Collection of all quasi set ideals of the subset 
polynomial semiring S[x] over the set P}; T is a quasi set ideal 
topological space of subset polynomial semiring. 


By varying the subsets in S[x] we can get several quasi set 
ideal topological spaces of the subset polynomial semiring S[x], 
which is the main advantage of defining the notion of quasi set 
ideals of a subset polynomial semiring. 


Example 3.34: Let S[x] = [Sax a, € S = {Collection of all 


i=0 


subsets of the semiring 


1 

a b 
c 

d e 
f 

h g 
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be the subset polynomial semiring. Take P = {0, h, g} c S[x], 
we can have several quasi set ideals of the subset polynomial 
semiring S[x] over P. 


Infact if T = {Collection of all quasi set ideals of the subset 
polynomial semiring over P}; then T is a quasi set ideal 
topological space of the subset polynomial semiring. 


Example 3.35: Let S[x] = [Zax a, € S = {Collection of all 
i=0 


subsets from the semiring ring Z,S(4)}} be the subset 
polynomial semiring. 


Let P = {{0}, {e}, {e, pa, ps}} Cc S[x] be a subset in S[x]. 
T = {Collection of all quasi set ideals of the subset polynomial 
semiring over the set P} be the quasi set ideal topological space 
of the subset polynomial semiring over P. 


Let Pi = {{0}, {1}, (0,15, {3}, (0, 3}, (0, 1, 3}, 13, Lit c 
S[x] be a subset of S[x]. T; = {Collection of all quasi set ideals 
of the subset polynomial semiring over the set P;} is the quasi 
set ideal topological space of the subset polynomial semiring of 
S[x]. 


We see S[x] has several such quasi set ideal topological 
space of the subset polynomial semiring. 


Example 3.36: Let S[x] = {s a,x'| a; € S = {Collection of all 


i=0 


subsets from the group ring Zs S;}} be the subset polynomial 
semiring. 


We see for given any set P in S[x] we can define right quasi 
set ideal subset polynomial semiring and left quasi set ideal 
subset polynomial semiring. Now based on this we can have 
both left and right quasi set ideals of the subset polynomial 
semiring over sets in S[x]. 
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Thus we can have several quasi set ideal topological spaces 
of subset polynomial semirings and also these have two 
operations (U, 4) and (An, Un). 


We will proceed to give more examples and different types 
of Smarandache set ideal and quasi set ideal topological spaces 
of a subset polynomial semiring. 


Example 3.37: Let S[x] = {Sax a; € S = {Collection of all 


i=0 


subsets of the group ring ZSj9}} be the subset polynomial 
semiring. 


Take P = {{0,-l}, (1,051, 113; {1}, {0,1}, {O}} Cc S[x], 
a subset in S[x]. 


We can have several set ideal topological spaces of the 
subset semiring and these spaces can opt for usual U and -M or 
Un and My; the inherited operations from the ring. 


Interested reader can solve different types of problems 
related with the subset polynomial semiring topological spaces 
over sets and subsemirings leading to S-topological spaces. 


Now we proceed onto define the new notion of polynomial 
subsets and algebraic structures on them. 


DEFINITION 3.4: Let R/x] be a polynomial ring or a 
polynomial semiring where R is a ring or a field or a semiring 
or a semifield and x an indeterminate. 


P[x] = {Collection of all subsets of the polynomial ring or a 
polynomial semiring with empty set @}. {P[x], U nj is a 
semiring defined as the polynomial subset semiring. If {P[x] \ 
g} is given the inherited operations y and Ay of the ring 
(semiring) R[x] then {{P[x] \ & AW, Avy} is the new polynomial 
subset semiring. 
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We will illustrate this situation by some examples. 


Example 3.38: Let Zs[x] be a polynomial ring 
P[x] = {Collection of all subsets of Zs[x]}. P[x] is of infinite 
order and {P[x], U, M} is a polynomial subset semiring. 


For take A = (3x? + 2x + Lox 1, 2x° + 4x + 2,x°+4} 
and B = {x° +4,3x +1, 4x? +3, x°4 8, x° +2} € P[x]. 


AQB= {x3+4, 3x4 1} and AU B= (3x? + 2x + 1, 3x + 
1, 2x? + 4x +2,x°+4, 4x?+ 3, x°4+1,x° +2} © P[x]. 


A Un B= (3x7 + 2x +14+x°4+ 4, 3x? + 2x+14+3x +1, 3x’ 
+2x+14+4x?4+3,3x?+2xt+14+x°+1,3x?+2x+14+x°4+2, 
3x+14+x°+4,3x+14+3x+1,3x+14+4x?+3,3x+1+x°+ 
1, 3xt1+x°+2, 2x°+4x4+24+x°+4, 2x°+4x+2+3x41, 
2x3 +4x+2+ 4x? +3, 2x°+4x+24+x94+ 1, 2x7+4x+24+x? 
+2,x°4+44+x°4+4,x°4+443x4+1,x°+444x°+3,x7+4+x3 
+1,x°+4+x?+2} 


= {x? + 3x? + 2x, 3x? + 2, 2x° + 2x + 4, 3x7 + 2x + x*+2, 
3x? +x? +2x +3, x? + 3x, x +x, 4x°+3x+4,x°+3x+2,x?+ 
3x + 3, 3x? + 4x + 1, 2x? + 2x + 3, 2x? + 4x? + 4x, 2x? + 2x + 3, 
2x? + 4x? + 4x, 2x? + x° +3 + 4x, 3x? + 4x + 4, 2x? +3, x? + 3x, 
x3 + 4x? +2, x9 +x? 2x? + 1} © P[x]. 


Clearly AUB#A UNB. 


Consider A Ay B = {(3x’ + 2x + 1) (x? + 4), (3x? + 2x + 1) 
(3x + 1), (3x? + 2x + 1) (4x* + 3) (3x” + 2x + 1) (x° + 1), (x? + 
2x + 1) (x° + 2), (3x + 1) (x? + 4), (3x + 1)2 (3x = 1) (4x’ + 3), 
(3x + 1) (x8+1) (3x+1) (x*+2), (2x? + 4x + 2) (x? + 4) (2x? + 4x 
+ 2) (3x + 1) (2x? + 4x + 2) (4x? + 3) (2x° + 4x + 2) (x® + 2), 
(2x° + 4x + 2) (x? + 2) (x? + 4)’, (x? + 4) (3x41), (x°+4) (4x? + 
3), (x°-+4) (x®+1), (x°+4) (x?+2)} © P(X). 


However AM B# Ay B. Thus we see (P[x], U, 4) is 
clearly a different polynomial new subset semiring from the 
polynomial subset semiring {P[x], Un, An}. 
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Several important and interesting questions arise in the case 
of polynomial subset semiring P[x]. 


Example 3.39: Let Z[x] be a polynomial ring 

P[x] = {Collection of all subsets of the ring Z[x]} {P[x], U, a} 
and {P[x], An, Un} are polynomial subset semiring of the ring 
Z[x]. 


Let A = {x? +4, x’?- 8} and B= {x°+4,x+1} © P[x]. 


Now AO B= {x° +4} and A U B= {x° + 4,x+1,x’- 8} 
are in P[x]. 


Consider A Ay B = {(x° + 4) (x + 1) (x + 4), (x’ — 8), 
(x+1) (x? — 8) (x° + 4)} and 

A Un B= (2x°+8,x°4+x°-4,x°4+54+x,x°+x-7}. 

Both A Uy B and A ay B are in P[x]. 

However ANnB#AMBandAUNB#AUB. 


We see AUA=A = {x? + 4, x’- 8} and AN A=A= {x? 
+4,x°- 8} 


A Ow A= {(x? + 4), (x-8)2, (x*+4) (x*-8)} # A. 
A Un A= {2x7 + 8, 2x’- 16, x° + x°-4} A. 


Thus Uy and Oy are not idempotent operations. 
Example 3.40: Let Z)2 [x] be a ring of polynomials. 
P[x] = {Collection of all subsets of the ring Z) [x]} is the 


polynomial subset semiring. Clearly the two semirings {P[x], 
U, A} and {P[x], Un, An} are distinct. 


Let A = {3x7 + 6x + 9} and B = {4x + 8} be in P[x]. 


We see A 1 B= 6, AU B= {3x’ + 6x + 9, 4x + 8} are in 
P[x]. Now A Aw B= {0} and A Uy B = {3x” + 10x + 5}. 
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We see A On B = {0} but A # {0} and B # {0} so we see in 
case of polynomial subset semirings we can have zero divisors. 


We further see if X = {3x? + 6x + 3, 9x” + 3, 6x* + 3, 6x’ + 
6} and Y = {4x’ + 8, 4x’, 4x” + 8, 4x° + 4, 8x” + 8} are in P[x]; 
X On Y = {0}. So in P[x], X and Y are zero divisors. 


Can we have idempotents in P[x] under Uy and On. 


Clearly only constant subsets can contribute to idempotents 
provided the basic coefficient ring R of R[x] has idempotents 
otherwise we cannot have idempotents under Ny. 


However under U and ~™ every set A e€ P[x] is an 
idempotent as A1 A=AandAUA=A. 


Example 3.41: Let R[x] be the polynomial ring where R is the 
field of reals. P[x] = {Collection of all subsets of the ring R[x]} 
be the polynomial subset semiring of the ring R[x]. 


{P[x], A, U} and {P[x], An, Un} are subset polynomial 
semirings. Clearly [P[x], Ax, Un] has no zero divisors or units. 


Infact {P[x], Un, An} is a semifield. Further P[x] is of 
infinite cardinality. 


In this case we see one is interested in studying other related 
properties of these polynomial subset semirings. 


One of the natural interest would be to find degree of the 
polynomial subset of a polynomial subset semiring. 


We see if A © P[x] the polynomial subset degree of A in 
P[x] is the degree of the highest polynomial which has no zero 
coefficient. 
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x? +13x°+8x+7 
For example if A = 3x? -1 € P[x]. 
Tx? + 4x? +3 


The degree of the polynomial subset is eight that is deg 
p(A) is eight. B= {9x'? + 3, 2x — 1. 8x* + 5x + 9}, deg p (B) = 
19. Thus we can have as in case of polynomials in case of 
polynomial subset the degree of the polynomial subset. 


Example 3.42: 
P[x] = {Collection of all subsets of the polynomial ring} be 
the polynomial subset semiring. 


Let A = {8x° + 5x +3, 9x!*+ 4x + 8, 10x* + 4} and B = {9x 
+ 3, 8x!? + 3x + 8, 2x? + 10x + 15} © P[x]; deg p(A) = 12 and 
deg p(B) = 19. 


Now we have the following properties about degree of 
polynomial subsets in semirings. 


deg (p(A + B)) = 19 and 
deg p(AB) = 27 < deg (P(A)) + deg (P(B)) = 12+19=31. 


This is the way the sum and product of the degree of 
polynomial subsets semiring are defined. 


Let A = {6x” + 3x + 1, 8x” + 3, 10x’ + 3x*+ 8} © P[x]. We 
see deg (p(A)) =9. A An A= {(6x’ + 3x + 1)’, (8x” + 3)°, (10x’ 
+ 3x* + 8), (6x” + 3x + 1) (8x” + 3), (6x? + 3x + 1) x (10x’ + 
3x* + 8), (8x* + 3), (10x’ + 3x* + 8). deg p(A QnA) = 16. 
However deg p(A UnA) = 19. Let A = {x + 1, 3x*8 + 5x” + 1, 
2x° + 3x? + 15} © P[x] and deg p(A Un A) = 38. 


Let B = {9x78 + 1, 3x* + 7x + 13, 13x°+3} © P[x]. 


deg p(B On B) = 66. Thus we see the deg p(A) for any A 
behaves in different way under (Un, An) and under (U, 2). 
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Example 3.43: Let Z[x] be the polynomial ring. 


Let P[x] = {Collection of all subsets of the ring Z[x]} be the 
polynomial subset semiring of the ring Z[x]. 


If deg p(A) = n and deg p(B) = m then 
deg p (A Mn B) = m+n. 


deg p(A Un B) = m (if m > n and will be n if m <n). 
This so happens because Z is an integral domain. 


Example 3.44: Let Z,[x] (p a prime) be the polynomial ring. 
P[x] = {Collection of all subsets of the polynomial ring Z,[x]} 
is the polynomial subset semiring. 


Let A, B € P[x], deg p(A) = m and if deg p(B) = n then 
deg p(A Un B) = m (or n) according as m > n or m < n, 
deg p (A An B)=m+tn. 


Inview of this we have the following theorem. 


THEOREM 3.3: Let R[x] be the polynomial ring (R is a field or 
an integral domain). 


P[x] = {Collection of all subsets of the polynomial ring 
R[x]} is the polynomial subset semiring. If deg p(A) = n and 
deg p(B) =m; A, B &€ P[x] then deg (p (A Aw B)) =m +n and 
deg (p (A Wy B)) =m (ifm > n and will be n ifm < n. 


The proof is obvious from the very construction as R is a 
field or the integral domain. 


Example 3.45: Let R[x] be a polynomial ring and R has zero 
divisors. 


P[x] = {Collection of all subsets of the polynomial ring 
R[x]} be the polynomial subset semiring. Clearly if A, B € 
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P[x] with deg p(A) = m and deg p(B) = n then deg p(A My B) < 
deg p(A) + deg p(B). 
deg p(A Un B) < deg p (A) or deg p(B) and so on. 


THEOREM 3.4: Let R[x] be the polynomial ring (R is a ring 
with zero divisors). 


P[x] = {Collection of all subsets of the polynomial ring 
R[x]}. If deg p(A) = m, deg p(B) = n then deg p(A Aw B) < 
m+nand deg p (A WB) <m (orn); A, B € Pix]. 

The proof is left as an exercise to the reader. 

Example 3.46: Let Z).[x] be the polynomial ring 
P[x] = {Collection of all subsets of the polynomial ring Z; [x]} 
be the polynomial subset semiring. 

We see if A = {4x” + 8, 8x* + 4x”? + 8, 4x’ + 4x” + 8} and 
B = {3x'? + 3, 6x!° + 3x + 6} © P[x] then (A Ay B) = {0} so 
deg p(A Ay B) = {0}. 

(A Un B) = 6x! + 3x +6 + 4x? + 8, 3x2 +3 4+ 4x° +8, ..., 
8x* + 4x7 + 8+ 3x12 +3, ..., 6x? + 4x’ + 4x? + 3x + 2}. 
deg p(A Un B) = 12. 

Example 3.47: Let Zio [x] be the polynomial ring. 


P[x] = {collection of all subsets of the polynomial ring 
Zio [x]} be the polynomial subset semiring. 


Let A = {5x°+4x + 1, 5x? +4x +1, 5x? +1} © P[x]. 
Now we find A Uy A = {8x + 2, 2, 8x+2 and so on}. 
We see deg p (A Un (A) < deg p (A) = 3. 


Infact deg p(A Un A) = 1 and deg p (A ANA) = 6. 
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Example 3.48: Let C[x] be the complex polynomial ring 
P[x] = {Collection of all subsets of the complex polynomial 
ring} be the polynomial subset semiring. 


A= {(3 + 4i)x’ + 2x + (7 + 91), 4ix® + 20x” + (40-3i)x + 9 + 
5i} and B = {(10+30i)x* + (7—-3i), (Si+3)x° + 4x + 342i} © P[x]. 


Clearly A 7 B = 6, Any B= {[(3 + 4i)x’ + 2x +7 + 9i] 
[(10 + 30i)x? + (7-3i)], [(3+4i)x’ + 2x + (7+9i)] x [(5i+3)x° + 
4x +3+2i], ...} © P[x]. 


AUB#A UNB. 


Now we are finally interested in solving or finding roots of 
polynomial subset. 


In the first place we want to make it clear that we can solve 
only when on P[x] we take the operations Uy and My under the 
usual union U and M we do not have any meaning of solving the 
equations. 


Thus while we are going to discuss about solving for roots 
of polynomial subset we use only the new operation Uy and An 
inherited from the basic set from which the subsets are taken. 
We solve polynomial subsets only in this way. 


If A=B, A, B € P[x] where 
P[x] = {Collection of all subsets of the polynomial ring 
R[x]} be the polynomial subset semiring. 


Let A = {3x7 + 2x + 1, 5x — 3} and B= {x’ + 8x —7, 2x + 
4\ © P[x]. For if A = B we in the first place can equate every 
element in A to every other element in B in the following way. 


3x?+2x+1=x?+8x-7 (i) 
3x° + 2x+1=2x+4 (ii) 
5x—-3=x'°+8x-7 (iii) 


5x-3=2x+4 (iv) 
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Now we can solve these equations. 


2x°-6+8=0 
+6+/36-4x8x2 : . 
x = ———_—_——— = _ imaginary 
2x2 


so no solution for the (i) equation 
3x°+2x+1=2x+4 
3xX°=3 0 X= 1 
sox =+ 1 is solvable. 


5x —3 =x?+8x—7 


x? +3x-4=0 
ee —3+V9+4x4x!1 
Z 
BED) OS ay 
2 2 -s 
Finally from equation (iv) 
5x-3 =2x+4 
3x =1 x=1/3. 


Thus we see of the four equations, three had solution and 
one has no solutions so we cannot find all solutions. So we 
cannot say the polynomial subset A = B is completely solvable 
we can only say they are partially solvable. 


In the first place we have to keep on record that the way of 
equating these polynomial subsets is justified as these involve 
the indeterminate x. If both the sets are constants only constant 
subsets; we can never say they are equal unless both A and B 
are singleton sets and A and B are identical. 


A = {3} then B = {3}. 
If A = {3, 5} and B= {3, 5} 
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A #B for our equating means 3 = 3, 3 = 5 this is impossible 
so equality in polynomial subsets is possible if and only if both 
A and B are identical and are singletons. 


If A and B are two polynomial subsets and A = B that is if 
A= {a,,..., a} and B= {b, ..., b,} then a; = bj; 1 <i<s. 
a=b;1<i<s 
and so on. a; = b;; | <i < s (however equating constants if any 
present in A and in B can n ever be equated). 


Thus we have ts number of polynomials equated to zero. If 
every polynomial has a solution in the ts polynomials we say 
A = Bis completely solvable over R; R[x] is the subsets of P[x] 
if only few has solution; we say A = B is partially solvable, if 
A =B has no solution we ay A = B is not solvable. This is way 
the usual solving of polynomials varies from the solving of 
polynomial subsets. 


We will describe them by some more examples. 


Example 3.49: Let Z[x] be the polynomial ring. 
P[x] = {Collection of all subset of Z[x]} be the polynomial 
subset semiring. 


Let A= {x +7, 2x +4} and B= {8, 4x —4, 8x + 7} e€ P[x]. 
A =B implies x + 7 = 8, 
x+7=4x-—-4, 
x+7=8x+7, 
2x+4=8, 
2x +4=4x—-4 and 
2x+4=8x+7. 
{x =1,3x=11, x =0, 2x =4, 2x = 8, 6x +3 =0} 
= {1, 11/3, 0, x =2, -1/2}. 
We see 11/3 and —-1/2 ¢ Z. 


Thus A = B has the solution subset which is not complete 
only partial given by {1, 0, 2, 4}. 
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Let A = {x’, 10x — 5} and B = {25, 5} © P[x]. Solution 
subset for the polynomial subset equation A = B is x” = 25 


sox=+5 
10x —5 = 25 x=3 
x =5 x=+ 5. 


Thus we have only partial solution to this equation A = B or 
it is partially solvable. The solution set is T = {5, —5, 3, 1}. 


Consider A = {0} where A is a polynomial subset we call 
this type of equation as Reduced polynomial subset equation for 
if A = B then we get {A — B} = {0} with t x s equations if A has 
t elements and B has s elements. 


So all polynomial subset equations can be got as the 
reduced polynomial subset equation. If A = B where B has only 
constants that is no polynomials we call this equation has 
constant reduced polynomial subset equation. 


We will first give examples of them. 
Example 3.50: Let Q[x] be the polynomial ring. 


P[x] = {Collection of all subsets of Q[x]} be the polynomial 
subset semiring. 


x°+4x+4 5x+7 
Let A= Tx-3  4x’?-4 and 


x? -9 
B = {0} be the polynomial subsets in P[x]. 


x°+4x+4=0 5x+7=0 
A=Bgives; 7x-3=0 4x’-4=0}. 
x’ -9=0 
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The polynomial subset root subset is 
R = {3/7, 2, 2, -7/5, 1, 1, 3, -3}. 


Clearly R € P[x] and A = B is completely solvable. 


; 2,5,-10,8,11 
Consider B; = 


0,6 


5x —7,8x —3,18x -1 ; 
Ai = be in P[x]. 
144+3x,4+x,2x 
Let A; = B; we get for the polynomial subset the solution 
set which is as follows. 


5x-7=2 5x-—7=-10 
5x-—7=5 5x-7=8 


5x—7= 11,5x-7=0,5x-7=6, 8x-3=2, 8x-3=5, 
8x —3 =-10, 8k —-3 = 8, 8x —-3 = 11, 8x —-3 = 0, 8x -3 = 6, 
18x — 1 = 2, 18x — 1 = 5, 18x — 1 = -10, 18 x -1 = 8, 
18x-—1= 11, 18x-—1=0, 18x-1=6, 


14+3x=2,14+3x=5, 14=3x=-10 

14 + 3x = 8, 14 + 3x = 11, 14 + 3x = 0, 14 + 3x = 6, 
4+x=2,4+x=5,4+x=-10,4+x=8,44+x=11,44+x=0, 
4+x=6, 2x = 2, 2x = 5, 2x 10, 2x = 8, 2x = 11, 2x = 0, 
2x = 6. 


The solution set is 
C,; = {9/5, 12/5, -3/5, 3, 18/5, 7/5, 13/5, 5/8, x = 1, x =-7/8, 
11/8, 14/8, 3/8, 9/8, 3/18, 6/18, -9/18, 9/18, 12/18, 1/18, 7/18, 
12/3, —9/3, —24/3, -6/3, —3/3, —14/3, -8/3, —2, -14, 1, 4, 7, 
—4, 2, 1, 5/2, -10/2, 4, 11/2, 0, 3}. 


We see 42 equations occur by equating the polynomial 
subsets and C, is the solution set. This equation gives a 
complete solution of the polynomial subsets. 
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Consider the polynomial subset 


*43x4+2,x?-9 3,4,0 
a-f Moats | aa n= | | «Pix, 


x’? +4x —5,x*-8 
Let A =B be the polynomial subset equation. 


x°4+3x4+2=3 x?4+4x-5=3 
x? +3x+2=0 x?+4x-5=4 
x? +3x+2=4 x?4+4x-5=8 
x°+3x+2=8 x’-8=0 


Now; x’?-9=3 x’ -8=8 
x’ -9=4 x’ -8=3 
x°-9=0 x’ -8=4 
x? -9=8 

x’ +4x-5=0 


Let C, denote the polynomial subset root; 


C, = {(two roots are not in Q), —2, —1 (two roots are not in 
Q), (two roots are not in Q), (two roots of x” = 12 is not in Q), 
(two roots of x” = 13 are not in Q), + 3, (x’ = 17 roots are not in 
Q), (x? + 4x — 5 = 0 roots are imaginary not in Q), (x? + 4x — 8 = 
0 roots are not in Q), (x* + 4x — 9 = 0 roots are not in Q). (x* + 
4x — 13 = 0 roots are not in Q), (x’ — 8 = 0 roots not in Q), + 4, 
(roots of x’ = 11 are not in Q), (roots of x’ = 12 are not in Q)}. 


Thus the polynomial subset equation has only partial 
solution for many does not contain the root in Q. 


Example 3.51: Let R[x] be the polynomial ring. 


P[x] = {Collection of all polynomial subsets of the 
polynomial ring R[x]} be the polynomial subset semiring. 
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x aa KF 
Let A= : and B = {0} € P[x]. 
eo 03 KX] 


Now the polynomial subset equation A = B gives x” — 4 = 0, 
x’ —~7=0, x'+4x*>+4=0. Thus the solution subset of the 


polynomial subset equation is {+2, +J/7. i¥2,+ iv2 }. 


We see A = B in P[x] has only a partial polynomial subset 
solution and not a complete polynomial subset solution. 


eee 
Consider A= 4°, 7, and B = {0} in the 
x°-4 x°-10 


polynomial subset semiring P[x]. 


Clearly x? — 8 = 0, x -27=0, x’-4=0 and x*- 10=0. 


The root polynomial subset of the polynomial subset 
equation is C = {+2 root of x* — 8 are imaginary, x* — 27 has two 
imaginary roots, 3, + V10 }. Thus this polynomial subset 
equation A = B has only partial subset solution has only partial 
subset solution given by C. 


However if Q[x] is replaced by C[x] then in the polynomial 
subset semiring P[x] every equation of polynomial subset is 
solvable. We call 


CP[x] = {all subsets of the complex polynomial ring C[x]} 
polynomial subset semiring as the polynomial subset 
algebraically closed semifield. 


Infact all other semifield of polynomial subsets are 
subsemifields of polynomials subsets of characteristic zero. 
Thus we have so far only seen examples of P[x] in which we 
have taken the ring Z[x] or Q[x] or R[x] or C[x]. 


Now we study the same question in case of R® [x] U {0}, 
Q* [x] U {0}, and Z” [x] U {0}. 
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We will now study using examples the subset roots of the 
polynomial subset equation over Z,[x] (n prime or otherwise). 


Example 3.52: Let Z¢ [x] be the polynomial ring. 


P[x] = {Collection of all subsets of Z,[x]} be the 
polynomial subset semiring. 


3x° +2 4x+3 


Let A= 
ars ae es 


and B = {0} be in P[x]. 


A =B gives 3x —-2=0 
4x+3=0 
2x? + 1=Oand x+3=0. 


We see 3x = 4 3x = 4 is the solution only we can find 
values of x by this equation 4x +3 =0 4x =3. 


This also has no value for x but 4x = 3, 2x” = 5, 2x” = 5 is 
the only value x = 3. Thus in case of P[x] the polynomial subset 
semiring many a times we will not be in a position to find the 
value of x if the coefficient of the power of x is an idempotent 
or a zero divisor which is evident from the above examples as 4 
and 2 are zero divisors in Z. and 3? = 3 so 3 is an idempotent in 
Zo. 


Example 3.53: Let Z,2 [x] be the polynomial ring. 
P[x] = {Collection of all subsets of the polynomial ring Z), [x]} 
be the polynomial subset semiring. 


Let A = {5x7 + 2, x + 7, 3x + 8, 4x + 1, 8x + 1} and 
B= {0} e€ P[x]; 


5x7 +2=0 x°+10=0 
xt+7=0 x =2 

3x +8=0 x=5 
4x+1=0 4x =11 


8x +9 =0 8x = 3 
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We see some has solution, many have no solution if the 
coefficients are zero divisors or idempotents. 


Example 3.54: Let Zs [x] be polynomial ring. 
P[x] = {Collection of all subsets of the polynomial ring Z; [x]} 
be the polynomial subset semiring. 


Let A = {3x? + 4, 2x = 1, 3x + 2, 4x? + x + 3} and 
B = {0} e€ P[x]. Suppose A = B to find the subset solution of 
the polynomial subset equation. 


3x°+4=0 x’ + 8x? +3 =0, 
2x+1=0 x+3=0, 
3x+2=0 x+4=0Oand 


4x°+x+3=0, 4x7+x+3. 
{2, 1, x’ =2 and so on}. 
Example 3.55: Let C(Z3) [x] be the polynomial complex finite 
modulo integer ring 


P[x] = {Collection of all subsets of the ring C(Z3) [x]} be the 
polynomial subset semiring. 


x+1 2x?4+1 2i,x+1 
Let A= ; ; and 
X+i, X+21, 


B= {0} e€ P[x]. Let A=B be the polynomial subset equation. 


x+1=0 Xtip = 0 2ipx = 2 

2x*+1=0 x+2ip=0 ic 2x Hi, KH Di, 
2ipx+1=0 2x?=2 s = 1,x=1,2 

x=2 X = 2ip X=ip 


C = {2, 2ig, ip, 1} are the such that C is the solution set of 
A=B. 


Now consider A; = {2ir xo+]1 xt + ip, ipx? + 2ipx + 1} and 
B, = {0} e P[x]. 
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We have A, = B, that is 


dinx® +1=0 x'+ip=0 
ipx’ + 2ipx +1 =0 

22x? +ip=0 x +ip=0 

x =91,=2 X = ip iS a root. 


Thus we have got at this juncture a open conjecture. 


Conjecture 3.1: Can C(Z,) the finite complex modulo integer 
field be the algebraically closed? (for suitable p) [12]. 


What happens when p is a composite number or when C(Z,) 
is not a field? 


We can solve polynomial subset equations and the result 
will be a subset of constant polynomials. 


Example 3.56: Let C(Zio)[x] be a complex polynomial finite 
modulo integer ring. P[x] = {Collection of all subsets of the 
polynomial ring C(Z;0) [x]} be the polynomial subset semiring. 


Let A = {4x? + 3, 5x + 4, 3x7 + 7, 2x + 5} and 
B= {x +4, 3x + 8, 4x’ + 3, 6x, 0} be in P[x]. 


To solve the polynomial subset equation A = B. 
A =B gives 


4x°+3=x4+4 5x+4=x+4 
4x°+3=3x+8 5x+4=3x+8 
4x°43=4x74+3 5x+4=4x7+8 
4x°+3=6x 5x +4=6x 
4x°+3=0 5x+4=0 
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3x°+7=x+4 2x+5=x+4 

3x74+7=3x+8 2x+5=3x4+8 
3x7+7=0 2x+5=4x74+3 
3x? +7=4x° +3 2x+5=6x 

3x? +7 = 6x 2x+5=0 


= C is the subset solution sought set. 


4x7 +9x+9=0 4x°+4x+3=0 
x=0 4x°+3=0 
4x3+7x+5=0 5x=6 
4x°+6x?=0 x=4 


4x°+5x+4=0 2x=4 

3x7 +9x+3=0 3x?+7x+9=0 
3x°+7=0 x +6=0 

3x7 +4x+7=0 x=9 

6x =5,2x =5 x=7 


The solvability of these equations are left as an exercise to 
the reader. 


Now if we have polynomial semirings say Z’ U {0} [x] and 
so on our working is very different. 


We will indicate this in a line or two. 
Example 3.57: Let (Z” U {0}) [x] be a polynomial semiring. 
P[x] = {Collection of all subsets of the polynomial ring; 
(Z* U {0}) [x]} be the polynomial subset semiring. 


How to solve polynomial subset equations in them. 


Let A = {5x + 3, 10x? + 4} and B = {0} © P[x]. 
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We see 5x + 3 = {0} and 10x” + 4 = {0}. Clearly we do not 
have any x in Z'U{0} such that the equations are satisfied. 
Thus as far as solving polynomial subset equations in 
(Z°U{0})[x] or for that matter over the semirings of 
characteristic zero which are not rings is not possible. 


Thus we see we have limitations in solving polynomial 
subset equations when the polynomial subsets are from 
(Z’ v {0})[x]. 


Only if A = {5x, 4x, 10x’, 11, x} and B = {4, 5, 7, 0, 8, 1, 
5} © P[x] then A = B has a complete or partial solution subset 
for 5x = 4 not solvable in Z'[x] U {0} but solvable in 
Q*[x] U {0} and so on. 


Thus one cannot make a sweeping statement it is impossible 
to solve polynomial subset equations in many a cases we may 
have a partial subset solutions. However we do not say always 
for A = B a polynomial subset equation has a subset solution. 
Thus we see we have limitations in solving polynomials even in 
usual semirings. 


We proceed on to propose some problems for this chapter. 


Problems: 


1. Enumerate some interesting features enjoyed by the subset 
polynomial semiring S[x] with coefficients from the power 
set P(X) =S. 


2. Find for the subset polynomial semiring S[x] where 
S = P(X) with X = {aj, a, ..., ai2} two different sets of 
subsets polynomials so that their ‘~’ (product) is the 
subset empty polynomial in S[x]. 
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a; € {Collection of all subsets of the 


3. Let S[x] = {Sax 


i=0 


subsets of X = {a, ao, ..., aig} including X and o} = P(X) = 
S} be the subset polynomial semiring. 


(i) Find two subset polynomial ideals of S[x]. 

(ii) Find two subset polynomial subsemirings which are 
not subset polynomial ideals of S. 

(iii) Can S[x] have infinite number of subset polynomial 
subsemirings? 

(iv) Is it possible for S[x] to have infinite number of subset 
polynomial ideals? 


4. Obtain some special and interesting features enjoyed by 
S[x] where S is a power set of a finite set X. 


5. Can S[x] in problem (4) have more than one set of 
algebraic structures so that S[x] is a subset polynomial 
semiring where S = P(X); X is a finite set. 


6. Does there exist a S[x], the subset polynomial semiring 
which has no subset polynomial ideals? 


7. Does there exist a S[x] in which every subset polynomial 
subsemiring is an ideal of S[x]? 


8. Does there exist a S[x] which has no subset polynomial 
subsemirings? 


9. Let S[x] be the subset polynomial semiring with 
coefficients from the  powerset P(X) where 
X= {1, 2, 3, 4, 5}. 


(i) Does S[x] contain a subset polynomial of degree 
greater than or equal to two which cannot be linearly 
written as product of linear subset polynomials. 

(ii) In how many ways can p(x) = {1, 2, 3} x’ + {2, 5} 
written as product of subset linear polynomials. 


10. 


12. 


13. 


14. 


. Let S[x] = [Zax 


Polynomial Subsets | 153 


Show in general a second degree subset polynomial in S[x] 
where S = P(X); X = {1, 2, 3, 4} can be decomposed in 
more than one way. 


ai € S = {Collection of all subsets 


i=0 
from the power set P(X) where X = {1, 2, ..., 18}} be the 
subset polynomial semiring. 


(i) Is {1, 2,5, 7, 8}x’ + {2, 8, 1, 5, 10, 11}x” + {3, 8, 14} 
x + {2, 14, 16} = p(x) reducible as linear factors? 


(ii) If p(x) is decomposable as linear factors; in how many 
ways can p(x) be decomposed? 


Let S[x] = {Collection of all polynomials yan with 
i=0 

a, € S = {Collection of subset of power set of X; P(X) = 

S}} be the subset polynomial semiring (X = {a1, a, ..., 


az4}). 


(i) Can p(x) = {as, a6, a3, ar} xi + {a5, a6, a3, a;} the subset 
polynomial in S[x] be linearly decomposable as subset 
polynomials. 


(ii) How many ways can p(x) be decomposed into linear 
subset polynomials? 


Find for S[x] in problem (12); three subset polynomial 
subsemirings which are not subset polynomial set ideals 
and three subset polynomial ideals. 


Obtain some striking application of subset polynomial 
semirings with coefficients from a power set P(X) of a set 
X = {aj, a, ..., an}. 
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a; € {Collection of all subsets of the 


15. Let S[x] = {Sax 


i=0 


semiring L = 


fo) 


fo) 


be the subset polynomial semiring. 
(i) Find subset polynomial ideals of {S[x], AL, UL}. 


(ii) Find subset polynomial subsemirings in {S[x], OL, 
Uz} which are not subset polynomial ideals of S[x]. 


(111) Study (1) and (ii) in {S'[x], U, oO}. 
(iv) Compare the two subset polynomial semirings. 


(v) Prove subset polynomial ideal in {S’[x], U, M} need 
not be a subset polynomial ideal in {S[x], UL, Or}. 


(vi) Can S[x] have zero divisors? 
(vii) Is it possible for S[x] to have idempotents? 
16. Obtain some interesting features enjoyed by S[x] where the 


subset polynomial semirings P takes its coefficients of 
subset polynomials from the semiring P. 


ee 


18. 


19. 
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Study {S’[x], U, a} and {S[x], Up, Ap}; compare and 
contrast them. 


Find the difference between S[x] when 
S={P(X); X = (ay, ..., an)} and when 
S; = {Collection of all subsets from the semiring L = 


1 

a b 
Cc 

d e 
f 

h g 
0 


S[x] the subset polynomial semiring. 


(i) Which subset polynomial semiring can have zero 
divisors? 


(ii) Find subset polynomial ideals and subsemirings of 


S[x] and S,[x]. 


a, € S = {Collection of all subsets of 
i=0 


Let S[x] = {Sax 
the semiring Z* U {0}} be the subset polynomial semiring. 
(i) Find subset polynomial ideals of S[x]. 


(ii) Does S[x] contain subset polynomial subsemirings 
which are not ideals? 


(iii) Can S[x] have zero divisors? 
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20. Let S = {Collection of all subsets of the semiring L = C;5 = 


a43 
0 


S[x] be the subset polynomial semiring. 
(i) Find subset polynomial ideals in S[x]. 
(ii) Can S[x] have zero divisors? 

(iii) Can S[x] have idempotents? 


(iv) Find subset polynomial subsemirings which are not 
subset polynomial ideals. 


a; € S = {Collection of all subsets of 


21. Let S[x] = {Sax 


i=0 


the ring C(Z)2)}} be the subset polynomial semiring. 
Study questions (i) to (iv) of problem (20). 


a, € S = {Collection of all subsets of 


22. Let S[x] = {Zax 
i=0 


the ring C(Z7) (g1, g2) where g} = 8) = 2 81 = 8182 = 0}} 
be the subset polynomial semiring. 


(i) Find S-zero divisors in S[x]. 


(ii) Can S[x] have S-idempotents? 


23. 


24. 


25. 
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(iii) Find S-subset polynomial subsubrings in S[x]. 
(iv) Find S-subset polynomial ideals of S[x]. 


(v) Let T= {Collection of all subset polynomial ideals of 
S}. Prove (T, U, M} is a subset polynomial 
topological semiring space. 


Let S[x] = {Sax a, € S = {Collection of all subsets of 
i=0 

the ring C(Z24) (g) | go = (0)}} be the subset polynomial 

semiring. Study questions (i) to (v) for this S[x] given in 

problem (22). 


a, € S = {Collection of all subsets of 


Let S[x] = {Sax 
i=0 


the semiring 


be the subset polynomial semiring, study questions (i) to 
(v) given in problem 23. 


Let S = [Zax a, € S = {Collection of all subsets from 


i=0 


the semiring 
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be the subset polynomial semiring. 
(i) Study question (i) to (v) given in problem 22. 


a; € S = {Collection of all subsets of 


26. Let S[x] = [Zax 
i=0 


the ring z(gi, g2) | g = 8; = gi82 = S281 = 0}} be the 
subset polynomial semiring. 
Study questions (i) to (v) given in problem 22. 


a, € S = {all subsets of the semiring 


27. Let S[x] = {Sax 
i=0 


(Z’ U {0) S3}} be the subset polynomial semiring. 


(i) Prove S[x] has both left and right subset polynomial 
ideals. 

(ii) Give two left subset polynomial ideals which are not 
right subset polynomial ideals. 

(111) Give an example of two S - right subset polynomial 
ideals which are not S-left subset polynomial ideals. 

(iv) Can S[x] have subset polynomial subsemirings which 
are not S-subset polynomial susbemirings? 


28. 


29. 


30. 


31. 
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(v) Give 2 subset polynomial subsemirings which are not 
S-subset polynomial ideals. 
(vi) Can S[x] have zero divisors or idempotents? 


a, € S = {Collection of all subsets of 


Let S[x] = {Sax x’ 


i=0 


the semigroup ring Z). S(5)}} be the subset polynomial 
semiring. 
Study questions (i) to (vi) of problem 27 for this S[x]. 


Find for the S[x] given in (28) the two topological spaces 
of subset polynomial semiring ideals. 


a; € S = {Collection of all subsets of 


Let S[x] = {Sax x’ 


i=0 


the semigroup semiring (Z’ U {0!)P where P is a 
semigroup Z)2}} be the subset polynomial semiring. 


(i) Prove S[x] has zero divisors. 

(ii) Can S[x] have S-zero divisors? 

(iii) Find S-ideals if any of the subset polynomial semiring. 

(iv) Can S[x] have subset polynomial subsemiring which 
is not a subset polynomial ideal of the semiring? 

(v) Let T= {Collection of all subset ideals of the 
polynomial semiring S[x]}}; Prove (T’, U, mM) and 
{T, | Un, An} are subset polynomial semiring 
topological spaces of the subset polynomial semiring 
S[x]. (T'=Tu {4}). 

(vi) Compare the two topological spaces {T, Un, An} and 
{T’, U, A} for any subset polynomial semiring. 


a, € S = {Collection of all subsets of 


Let S[x J {Sax x! 


i=0 


the semiring 
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be the subset polynomial semiring. 
Study questions (i) to (vi) of problem 30 for this S[x]. 
32. Find some interesting properties enjoyed by {T, Un, An}. 


33. Distinguish between the two ideal topological spaces 
ie UN; On} and {T’ = (T U ), U, Cis 


34. Does quasi set ideal topological spaces of {T, Un, An} and 
{T’ =(T U9), U, O} enjoy any special properties? 


35. What is the situation if the problem in (34); the topological 
spaces are Smarandache. 


36. What are the special features enjoyed by subset polynomial 
semirings? 


37. Let 
S[x] = {2 a; x; | aj e S = {Collection of all subsets of Z;9}} 
be a subset polynomial semiring. 


(i) Find zero divisors in S[x]. 

(ii) Can S[x] have S-zero divisors? 
(111) Can S[x] have idempotents? 
(iv) Can S[x] be a semifield? 

(v) Is S[x] a S-semiring? 


38. 


39. 


40. 


41. 


42. 
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ai € S = {Collection of all subsets 


Let S[x] = {Sax 
i=0 


from the polynomial ring Z7} be the subset polynomial 
semiring. 


(i) Find ideals of the subset polynomial semiring. 

(ii) Is S[x] a S-subset polynomial semiring? 

(iii) Can S[x] have zero divisors? 

(iv) Can S[x] have S-idempotents? 

(v) Give a subset polynomial subsemiring which is not a 
S-ideal. 

(vi) Can S[x] have ideals which are not S-ideals? 


Let S[x] = {s a,x'| a; € S = {Collection of all subsets of 


i=0 


the polynomial semiring Z°U{0}} be the subset 
polynomial semiring. 

Study questions (i) to (vi) mentioned in problem (38) in 
case of this S[x]. 


aj € S = {Collection of all subsets 
i=0 


Let S[x] = [Zax 


from the polynomial ring Z}} be the subset polynomial 
semiring. 


Study questions (i) to (vi) given in problem (38) for this 
S[k]. Compare S[x] in problem (39) and this S[x]. 


Draw any interesting feature enjoyed by S[x], the subset 
polynomial semiring when semiring is used instead of ring. 


Let S[x] = {Sax ai € S = {Collection of all subsets 


i=0 


from the lattice 
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‘| 

a b 
c 
d 

e f 
0 


be the subset polynomial semiring. 
(i) Study questions (i) to (vi) given in problem 38. 


ai € S = {Collection of all subsets 


43. Let S[x] = {Sax 


i=0 


from the lattice L = 
1 


420 


: 
0 


be the subset polynomial semiring. 
Study questions (i) to (vi) given in problem 38. 


44. Compare S[x] given in problems (38) and (39). 


45. Let S[x] = {> a; x; | aj e S = {Collection of all subsets from 
the ring Zo) x Zg}} be the subset polynomial semiring. 


Study questions (i) to (vi) given in problem 38 for this 
S[x]. 
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a; € S = {Collection of all subsets of 


46. Let S[x] = [Zax 


i=0 


the semiring 


be the subset polynomial semiring. 
Study questions (i) to (vi) given in problem (38) for this 
S[x]. 


47. Obtain some special features enjoyed by polynomial subset 
semirings. 


48. Compare the polynomial subset semiring with subset 
polynomial semiring when same ring is used. 


49. Let S[x] = {2 a; x; | aj e S = {Collection of all subsets of 
the ring Z\2} be the subset polynomial semiring. P[x] = 
{Collection of all subsets from the polynomial ring Z). [x]} 
be the polynomial subset semiring. Compare S[x] and 
P[x]. 


50. Let P[x] = {Collection of all subsets of the ring Z, [x]} be 
the polynomial subset semiring. 


(i) Can P[x] have zero divisors? 

(ii) Can P[x] have S-zero divisors? 

(iii) Can P[x] have idempotents? 

(iv) Find polynomial subset subsemirings. 

(v) Is P[x] a S-polynomial subset semiring? 

(vi) Can P[x] have polynomial subset ideals which are not 
S-ideals? 
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(vii) Can in P[x], A = B have a complete subset solution? 
(viii) Find in P[x], A = B which has only partial solution. 


51. Let P[x] = {Collection of all subsets of the polynomial 
semiring (Z VU {0) [x]} be the polynomial subset 
semiring. Study questions (i) to (viii) given in problem 
(50) in case of this P[x]. 


52. Let P[x] = {Collection of all subsets of the polynomial 
semiring L [x] where L = 


be the polynomial subset semiring. 


Study questions (i) to (vili) given in problem (50) for this 
P[x]. 


53. IfL= 


0 


54. 


55. 
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is replaced by the chain lattice 


in problem (52) study for P[x] questions (i) to (viii) given 
in problem 50. 


Let P[x] = {Collection of all subsets of the polynomial ring 
Zig [x]} be the polynomial subset semiring. Study 
questions (i) to (viii) in problem 50 for this P[x]. 


Let P[x] = {Collection of all subsets of the polynomial 
ring C(Zjs) [x]} be the polynomial subset semiring. 


(i) Study questions (i) to (viii) in problem 50 for this 
P[x]. 

(ii) Compare P[x] in problems 54 and 55. 

(iii) Can one say all polynomial subset equations A = B is 
solvable in P[x] given in this problem (55) in 
comparison with P[x] given in problem 54? 

(A, B ¢€ P[x]) 

(iv) Is A=B for all A, B € P[x] in problem 55 completely 
subset solvable? 

(v) Solve A=B where A = {3ip x’ + 3 + 2ip, 9ipx* + ip, 
8is x? + 16igx’ + 16ipx + 8} and B = fir, 8, 0,4 + 3ip}, 
A, B € P[x]. 
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56. 


57. 


58. 


59. 


60. 


Let P[x] = {Collection of all subset polynomials from the 
polynomial ring Z[x]} be the polynomial subset semiring. 


(i) Prove P[x] has polynomial subset equations A = B 
which are not completely solvable. 

(ii) Study questions (i) to (viii) given in problem 50 
completely. 


Let P[x] = {Collection of all subsets of the polynomial ring 
C(Z;) [x]} be the polynomial subset semiring. 


(i) Study questions (i) to (viii) in problem 50 for this 
P[x]. 

(11) Is every polynomial subset equation A = B completely 
solvable? (A, B € P [x]). 


Let P[x] = {Collection of all subset of the polynomial ring 
Z9[x]} be the polynomial subset semiring. 


(i) Study question (i) to (viii) of problem 50 for this P[x]. 

(ii) Prove every polynomial subset equation A = B need 
not in general be completely solvable. (A, B € P[x]). 

(iii) Let A = {3x? + 2x? +5, 3x + 4x" + 6x + 1, 8x° + 5x4 
2} and B = {8x + 3, 0, 9x + 40 + 18x? + 3x + 1, 4x°+ 
2, 3} be in P[x]. Solve A=B. 


Let P[x] = {Collection of all subsets of the polynomial ring 
C(Zo5) [x]; p a prime} be the polynomial subset semiring. 

Is every polynomial subset equation A = B, A, B é€ P[x] 
completely solvable? 


Can we say P[x] = {Collection of all subset of the 
polynomial ring C[x]}, the polynomial subset semiring is 
an algebraically closed semifield? Is every A = B 
polynomial subset equation in P[x] completely solvable for 
A, B € P[x]? 


Chapter Four 


SUBSET POLYNOMIAL SEMIVECTOR 
SPACES AND SUBSET MATRIX 
SEMIVECTOR SPACES 


In this chapter we for the first time using the subset polynomial 
semirings (polynomial subset semirings) and subset matrix 
semirings construct semivector spaces. We describe, define and 
develop these concepts. This technique gives us lots of scope in 
building differently semivector spaces. 


We have already described building semivector spaces 
using subsets [19]. Here we mainly concentrate on building 
semivector spaces using subset matrices and _ subset 
polynomials. 


DEFINITION 4.1: Let M = {Collection of all m x n matrices 
whose entries are subsets from a semifield S} be the semigroup 
subset of m xn matrices under +. We see M is a subset matrix 
semivector space over the semifield S. (m #n; orm =n, m= 1 
orn =1 canalso occur). 
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We give examples of this. 


Example 4.1: Let M = {2 x 3 matrices with entries from 
subsets of the semifield S = Z* U {0}}. 


M is a subset matrix semivector space over S = Z’ U {0}. 


Let a-(15 {5,7,8} he 


{1,2} {4,5}  {6,7,8} 


a-[ {0} 3.45 825 Jem 
{0,5} {0} {4,7,0} 


We get 
A+B= 
{0,2} {8,9,10,11,12} {2,12,13} 
E 
{1,2,6,7} {4,5} {6, 7,8, 10,11,12,13,14,15} 


Take 10 € Z’ U {0}. 


{0,20} {50,70,80$ {100,110,0}). . 
10A = is inM 
{10,20} {40,50} {60,70,80} 


Thus M is a subset semivector space over the semifield 


ZF 40}. 
a, 

Example 4.2: Let T= 4} a, || a, ¢ S= {Collection of all 
a; 


subsets of the semifield Q°U{0}} be a subset matrix semivector 
space over Q°U {0}. 
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{0,3/2,7/9} {0,3/2,8} 
Let A= {8/5,4, 20} andB=] {0,4/5,1} | eT 
{9/11,10,14/3} {9/11,0,12} 
we see 
{0,3/2,8,7/9,41/18, 
19/2,79/9} 
{8/5,4,20,12/5,24/5,5, ar. 
A+B= is in T. 
104/5,21,13/5} 


{9/11,10,14/3,18/11,119/11, 
181/33,22,141/11,50/3} 
Take 5/7 € Q’ U {0}; we find 


£0,15/14,5/9} 
5/7 A=| {8/7,20/7,100/7} | €T. 
{45/77,50/7,10/3} 


This is the way operations are performed on T. Thus T is a 
subset matrix semivector space. 


Example 4.3: Let N = {(aj, a, a3, a4, as, a6) | ai € {Collection of 
all subsets from the chain lattice L = 


ay 
0 


be the subset row matrix semivector space over the semifield L. 
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Let A = ({9, ai, a3}, tL, a2, as}, {a3, ao}, {a7}, {aio}, {a1, a2, 
aii, a7}) and 


B=({1, ao}, {a3, a4, a6}, {as}, {a7, ao, aio, Ali, Ai}, {A10, a1, 
az, a3} {aii}) be mN. 


We find A+B=AUB 


= ({1, a2, az}, {1, a3, ag, a6, ast, {ag}, {A7, aio, ait, {ao}, 
{ans) EN. 


Take a3 € L we find a; x A = a; M A = ({0, ai, as}, {a3}, 
{as}, {asf, {as}, {a1, a2, as}) © N. 


Thus N is a subset matrix semivector space over L. 


a, a 
Example 4.4: Let M = { | a; € {Collection of all 


ay ay 


subsets from the lattice 


BE 


0 


be a subset matrix semivector space over the semifield 
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Consider A = ba Oe} and 
{la,e} {e,f,g} 
ed {1,g, : 
B= € 
{c,]}  {0,b} 


We find A+B=AUB 


i {0,e,f,a,b,1} {g,e,1,b} 
— fef,g.b,R] ~ 
{0,e} He a 


Takee € S. We findeA=enA= 
{0,e} {0,¢e} 


Thus M is a subset matrix semivector space over S. 


a a, a; 


Example 4.5: Let T= ai € {Collection of all 


a, ag ay 
Ay ay Ai 


subsets of the semifield R” U {0}} 1 < i < 12} be a subset 
matrix semiring. 


{0} 42}. <4354} 
Let A= 5} 2) 10,8) and 
{9,10} {1,11,0} = {1,0} 


{2,5,6} {3,1,2} {4,6,7} 


9} (0,13,65 16} 
(0,145 {8} 
{12,3} {4,6} {8,9} 
{10,14} {11} {6,8} 
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A+B= 
(95 {1,2,14,15,7,8} (9,105 
{5,19} (145 {7,15} - 
is in T. 
{10,11,12,13} {5,7,4,6,15,17} {10,9,8} 
{3,6,7,12,15,16,10,9}  {14,12,13} — {10,12,13,14,15} 
Let5 eR’ vu {0}, 
{05 {5,10$ {15,203 
5 {25} {30} {0,40} 
x — 
{45,50}  {0,5,55} {0,5} 
{10,25,30} {5,10,15} {20,30,35} 
Example 4.6: Let 
a a, 
Ay ay 
M=,4]/a, a, || aj € {Collection of all subsets of the 
a, ag 
ay aT 


semiring Z’ U {0}, 1 <i< 10} 


be the subset matrix semiring over the semifield Z* U {0}. 


{0,1} {3,4,5,6} [6,9,8} {1,2} | 

{10,15} {9} {0} {0,4,8} 
LetA=| {0} {i} | and B=| {9,1,8} {4,10,6} | e M; 

{4,8,7} {9,12,19} {14,0} {0} 

{4,0}  {1,0,15} | 5,4} | 
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| {6,9,8,9,10,7}  {4,5,6,7,8} 
{10,15} {9,13,17} 
we find A+ B= {9,1,8} 15.11,7) 
{4,8,7,18,22,21}  {9,12,19} 
{5,1} {5,6,20,4,19} 


Take 3 € R* vu {0}, 


{0,3}  {9,12,15,18}] 
130,45} 27} 
3xA=3A=| {0} GB} eM. 
{12,24,21} {27,36,57} 

12,0}  {3,0,45} 


We can as in case of semivector spaces define the notion of 
subset matrix semivector subspaces. 


We will only illustrate this situation by some simple 
examples. 


Example 4.7: Let 


a, a, a; 
T=,4|a, a, a, | where aj € S = {Collection of all 
a, ag ay 


subsets of the semifield Z’ U {03,1 <i<9}} 


be the subset matrix semivector space over the semifield 
F=Z vu {0}. 


a, a, 4a, 
Take P= 4/a, a; a, || ai € S; = {Collection of all 
fig Ag Ay 


subsets of the set 2Z* U {0}, 1 <i<9} CT; 
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P is clearly a subset matrix semivector subspace over the 
semifield F = Z* U {0}. 


Infact T has infinitely many subset matrix semivector 
subspaces over the semifield Z” U {0}. 


Example 4.8: Let M = {(aj, a, ..., a9) | a € {Collection of all 
subsets of the semifield F = 


1 <i<9=S} be the subset matrix semivector space over F. 


Take P = {(a), a2, 0, 0, ..., 0) | a1, a2 ¢e S} e M. Clearly P is 
a subset matrix semivector subspace of M over F. 


Infact number of elements in M is finite, so M has only 
finite number of subset matrix semivector subspaces over F. 


Example 4.9: Let N = {Collection of all subsets from the 


semiring 
1 
a b 
c 
d e 
g h 


0 
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P = {all 2 x 5 matrices with subset entries from N} be the subset 
matrix semivector space over the semifield L = 


1 


a 
¢ 

d 
f 
g 
0 


a {b} fod} {} {0} 
_ and 
{0} t} {gh} {0} {a,b,c} 


B-(1) ta} {b} te} | 7 
{0} tf} {de} {Lay {0,8} 


We seeA+ B= 


Re (ty tl} {b} tc} td} ) 
UB= € 
{0} { tdc} {La} {a,b,c} 


Take L = be {0} tO} {a,.a.5 a 
{0} (0; t0F tay tas 


aj,a € 8 howe P: 


0 


L is a subset matrix subsemivector subspace of P over the 
semifield L. 
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Now before we proceed onto define other types of 
semivector spaces using subset matrices we just give examples 
of subset matrix semilinear algebra over semifields. 


Example 4.10: Let M = {(aj, a2, a3) | a € {Collection of all 
subsets of the semifield Q* U {0}}; 1 <i< 3} be the subset row 
matrix semivector space over the semifield Z’ U {0}. 


M is a subset row matrix semilinear algebra over the 
semifield Z’ U {0}. 


0,18,9 
Take A = | ie He £0, 1, 2, 4}, {5, 7, 9, 6, 0}) and 


B= ine OF 250s Ose M. 
= {4 34 [23 5,01) 


A+B =({0, 18, 9, 4, 8, 6, 1, 19, 10, 5, 7, 20, 2, 11, 3, 21, 
12, 22, 13}, {0, 1, 2, 4, 3, 6}, {0, 5, 6, 7, 9, 1, 8, 10, 12, 11, 14}) 
eM. 


We can also find A x B = ({0, 18, 9, 4, 8, 6} x {0, 1, 2, 3, 
4},{0, 1, 2, 4}x{0, 2}, {0, 5, 6, 7, 9} x {0, 1, 5}) 


=({0, 18, 9, 4, 8, 6, 36, 12, 24, 27, 54, 16, 32, 72}, £0, 2, 4, 
8},{0, 5, 6, 7, 9, 25, 30, 35, 45}) e M. 


Thus M is a subset matrix semilinear algebra over the 
semifield Z’ U {0}. 


Example 4.11: Let 


a 


a 
M= * || a; © {Collection of all subsets 


of the semiring Z’ U {0}, 1 <i<4}} 


Subset Polynomial Semivector Spaces ... | 177 


be a subset matrix semigroup under ‘+’. M _ is the subset 
semivector space over the semifield Z* U {0}. 


M is not a subset matrix semilinear algebra. 


Note: If on M we can define the natural product x, of subset 
matrices then M will be a subset matrix semilinear algebra. 


{3,4,7} {2,1,3,4} 
0 4,8,9,25 

Let A= 103 and B= { } eM; 

{8,9, 2} {1,2,4} 

{1,0, 4} {5,7,8} 

{5, 6,9, 4,8, 7,10,11} 
{4,8,9, 25} 
we find A+ B= 
{9,10,3,11,4,12,13, 6} 
{5,7,8,6,9, 11,12} 

We can find 


3,4,7,6,8,14,9,12, 21,16, 28} 
{0} 
{8,9,2,16,18,4,32, 36! 
{5,20,0,7,28,8,32} 


Ax, B= 


We see under natural product x,; M is a subset matrix 
semilinear algebra, otherwise M is only a subset matrix 
semivector space as we cannot define usual product of column 
matrices, more so in subset column matrices. 


a, a, a, ; 
Example 4.12: Let N= a; € {Collection of all 
Be Ae Be 


5: 


subsets of the semifield F = 
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ay 
0 


1 <i < 6} be the subset matrix semivector space over the 
semifield F. 


We cannot define usual product on subset matrices as there 
are 2 x 3 matrices so for us to make N into a subset matrix 
semilinear algebra we can define the natural product x, on N. 
{N, Xn} will be a subset matrix semilinear algebra over the 
semifield F. 


Inview of this we have the following result the proof of 
which is left as an exercise to the reader. 


THEOREM 4.1: Let 

M = {All m x n matrices with entries from subsets of the 
semifield F} be the subset matrix semilinear algebra over the 
semifield F; then M in a subset matrix semivector space. If M is 
a subset matrix semivector space then M is general is not a 
matrix subset matrix semilinear algebra. 


Now we proceed onto define subset matrix semivector 
space of type I. 


DEFINITION 4.2: Let 

M = {Collection of all m xn matrices whose entries are from 
the semiring S} we see if sA € M for alls € Sand A € M, then 
we define M to be a subset matrix semivector space over the 
semiring of type I. 


We will illustrate this situation by some examples. 
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a, as 
a, a¢ : 
Example 4.13: Let M = a; € {Collection of all 
a, a, 
a, ay 
subsets of the semiring S, 
1 
a b 
c 
d e 
0 


1 <1 < 8} be the subset matrix semivector space over the 
semiring S of type I. 


a, a, a, 

a, a, a, ; 
Example 4.14: Let N = a; € {Collection of 

A jay Ay 

Ai9 ai, aio 
all subsets of the semiring S = 

1 
a b 


0 


1 <i< 12} be the subset matrix semivector space of type I over 
the semiring S. 


By? : As. ans, Mee ; 
Example 4.15: Let T = a; € {Collection of 


Ag: Big: Se Be 


all subsets of the semiring S = Z” U {0! x Z°U{0}}, 1 <i< 16} 
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be the subset matrix semivector space of type I over the 


semiring S. 
a, 413 
a, a 

Example 4.16: Let M = = a; € {Collection of all 
ai Ang 


subsets from the semiring S = Q’ U {0} x R* U {0} x R7U 
{O}}; 1 <i < 24} be the subset matrix semivector space of type I 
over the semiring S. 


Example 4.17: Let T= 4|a, a; a, || aj € {Collection of all 
a4. Be. “By 


subsets from the semiring S = 


I 
a b 
c 
d 
f e 
0 


1 <1< 9} be the subset matrix semivector space of type I over 
the semiring S. 


Now having seen examples of subset matrix semivector 
space of type I over the semiring S, we can now define 
substructures in them which is a matter of routine so it is left as 
an exercise to the reader. However we will give some 
examples. 
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Example 4.18: Let P = {Collection of all subsets from the 
semiring S = 


f d 
0 
a, a, aio 
Ai; Ayy + Ag : : ; 
T= a; € P, 1 <i < 40} is the subset matrix 
as) An. A309 
a3) As se Ayo 


a, a, Aig 
0 0... 0 ; 
Take N = a, € P; 1 <i< 20}, 
0 O 0 
Bae aig: He Bigg 


the subset matrix semivector subspace of T of type I over S. 
We can have several such subset matrix semivector subspaces 
of T. However we keep on record, as 0(T) < 0 we can have 
only finite number of subset matrix semivector subspaces of T 
over S. 


a 
Example 4.19: Let S = . a; € {Collection of all subsets 
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of the semiring P = Z” U {0} x R’ U {03, 1 <i < 10} be the 
subset matrix semivector space over the semiring P of type I. 
a, 
a 
Let T = fs a; € {Collection of all subsets of the 


Ao 


semiring P = Z” U {0} x {0}}, 1 <i < 10} CS; T is a subset 
matrix semivector subspace of P over the semiring P of type I. 


In this case S has infinite number of subset matrix 
semivector subspaces of type I over the semiring P. 


a, a 
Example 4.20: Let V -| | a, € {Collection of all 


dy ay 


subsets of the semiring 


L =P, x Py where P; = and 
ox 
f d 
0 
1 
a) b; 
C; : 
P= ,1<i<4} 
d, 
f; e 


Subset Polynomial Semivector Spaces ... | 183 


be a subset matrix semilinear algebra over the semiring L of 
type I. 


Clearly if the usual product is defined on V, we see V is a 
non commutative subset matrix semilinear algebra of type I. 


However if natural product x, is taken the subset matrix 
semilinear algebra of type I is commutative. 


We see 0(V) < © so we have only finite number of subset 
matrix subsemilinear algebra of type I. 


et A x | {aeds)s(00)} a 24 
| £(1.a,),00,D} {(£,0)} 
5 | (0-60.03 ae 
a Ee 
{AD} {La} 


{(0,d, ),(0,0),(a,0)} ne 


We find A x, B= 
{(,a,),(0,D}  — {(f,0)} 


Consider 

" -| {(a,f,),(a.d,)} ((a,f)} | 
x B= 
{(f,1), (1,9), (f,0), (fa, )} {(£,0),(b,0)} 


AxB#Ax, B. 


Consider 


{(0,0),(0,d,),(a,0),(b,d, ),(1,0)} oe 


BxA= 
{(0,a,),(a,a,), (La) {(a,f,)} 


We see A x B #B x A, thus V is not a subset matrix non 
commutative semilinear algebra. 
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a; a, a; | 
a, a; a 
Example 4.21: Let M= 4| a, a, a, a, € {Collection of 
Aig 4, AyD 
413 ayy ays | 


all subsets from the semiring S = Z* U {0} x S,; where 


5, = ei -1<i<15} 


be a subset matrix semilinear algebra under natural product x, 
of matrices of type I over S. 


Clearly o(M) = o but M has subset matrix semilinear 
algebras of finite order. 


a as a; 
a, As @, 

For take P= 4] a, ag a, || a; € {Collection of all 
aad Od 
3g Bao a 


subsets from the semiring {0} x S,;}, 1 <i< 15} CM; Pisa 
subset matrix subsemilinear algebra of finite order. 


Thus we can have for a subset matrix semilinear algebra / 
semivector space of infinite order a subset matrix subsemilinear 
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algebra / subsemivector space of finite order (order is used in a 
sense as the number of elements). 


Now having seen examples of subset matrix semilinear 
algebra / semivector spaces and their substructure we now 
proceed onto describe other types of subset matrix semilinear 
algebras / semivector spaces. 


Suppose we have M = {Collection of all subset matrices 
with subsets from a ring R} then M is defined as the special 
subset matrix semivector space of type II over the ring R; that is 
for B, A € M we have A+B e€ Mand forall Ae MandreR, 
rA and Ar are in M. 


We will illustrate this by some examples. 
Example 4.22: Let M = {Collection of all subset 1 x 7 matrices 


a, 
a, 


a, | where 


a, | 


a; € {Collection of all subsets of the ring Z, 1 <i < 7}} be the 
subset 1 x 7 matrix special semivector space of type II over the 
ring Z. 


Clearly o(M) = ©. 


a, a, a, 

a, a, a, 
Example 4.23: Let N= a; € {Collection of 

a, a, a, 


Ay ay ay, 
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all subsets from the ring Z\2}; 1 <i < 12} be the subset matrix 
special semivector space of type II over the ring Zp. 


Clearly o(N) < . 


Thus we can have both finite and infinite special subset 
semivector spaces of type II over the ring Z). 


Example 4.24: Let P = {(a1, a2, a3, a4) | aj € {Collection of all 
subsets of the group ring ZS3}; 1 <i < 4} be the special subset 
semivector space of type II over the ring Z,S3. 


Let A = ({0, pi}, {p2, ps}, {pa}, {p3}) and B = ({po}, {pis, 
{ps}, {p2}) € P. 


We see 
A + B= ({0, pitp2}, {pitp2, pitps3}, {pa + ps3}, {p3 + po}) € P. 


Now A x B= ({0, Ps}. {Pa ps}, {Pi}, {pa} ) and 
BxA= ({0, pa}, {Ps ps}, {Po}, {ps}). 


We see A x B#B x A so P is a non commutative subset 
matrix semilinear algebra. 


Take for A € P an element in Z,S; say p2 in Z2S3. 
PoA = ({0.ps}, {1, pa}, {Pi}, {p4}) and 

Ap? = ({0, pat, {1, pst, {ps}, {ps}). 
We see p2 A # Ap» for p2 € ZS; and A é€ P. 


Thus the special subset semivector space of type II is 
doubly non commutative. 


a; € {Collection of all 


a, a, 


a, a, 
Example 4.25: Let T= 
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subsets of the group ring ZD29}; 1 < i < 4} be the special subset 
matrix semivector space type II. 


Clearly o(T) = © and T is also a doubly non commutative 
special subset matrix semivector space of type II. 


Example 4.26: Let 


Ay Bs sis A 

M 1 2 y) 
- [ 
ee: ames 


subsets of the group semiring (Z°U{0})S7}, 1 <i< 14} 


a, € {Collection of all 


be the subset matrix semivector space of type I over the 
semiring (Z°U{0})S;. Clearly M is doubly non commutative. 
Further if (Z°U{0!)S; is replaced by Z°U {0}, M is only a non 
commutative subset matrix semilinear algebra and xA = Ax for 
all x € Z’U{0} and A € M; however A x, B # Bx, A even 
under natural product. 


Example 4.27: Let 


P= | a, ay a, a> || a € {Collection of all subsets 


from the semigroup semiring (Z* U {0})S(10)}, 1 <i < ayo} 


be the subset matrix semivector space of type I over the 
semiring (Z’U{0})(S(10)). Clearly P is a doubly non 
commutative subset matrix semilinear algebra under natural 
product x, of type I over the semiring (Z°U{0})S(10). 
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If we replace (Z°U{0!)S(10) by Z°U{0} we see P is only a 
non commutative subset matrix semilinear algebra over the 
semifield Z°U{0}. However P is not doubly non commutative 
only non commutative. 


a, a, a; 
Ay By. By 
a, as ay 

Example 4.28: Let W = 5] a, a, a, || ai € {Collection of 
a3 ai4 ais 
Ai6 ai, aig 
Aig Aggy Ap, 


all subsets from the 


group lattice LS, where L = 
f g d 
a Cc 


0 


1 <1 < 21} be the subset matrix semivector space over the 
semiring L of type I. 


W is only non commutative as a subset matrix semilinear 
algebra of type I under the natural product x, over L. 


However if L is replaced by LS; certainly W is a doubly 
non commutative subset matrix semilinear algebra of type I over 


the semiring LS3. 


If L is replaced by 


1 

f 
a 
0 
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(say L,) a chain lattice (semifield); we see W is a subset matrix 
semivector space over L}. However W is a subset matrix non 
commutative semilinear algebra over the semifield L, under 
natural product x,, but is not doubly commutative as xA = Ax 
for all x e€L,; and A ec W but Ax, B#B~x, A for A, B € W. 
Hence the claim. 


Example 4.29: Let M= 4] a, a) «.. A |} ai € {Collection 
Bd ig? he aig 


of all subsets of the semigroup semiring LS(9) where L is a 
lattice 


1 <i < 3} be the subset matrix semivector space of type I over 
the semiring LS(9). Clearly M is a doubly non commutative 
subset matrix semilinear algebra of type I over the semiring 
LS(9) even under natural product x, of matrices. 


If LS(9) is replaced by the lattice L of course M will not be 
doubly commutative for xA = Ax for all x ¢ L and A € M but 
Ax, B#Bx, A for A, B € M. 
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If L is replaced L; where L; = 


omm fo a OO 


then M is just a subset matrix non commutative semilinear 
algebra over the semifield L; under natural product x,. 


Thus from this example we see a doubly non commutative 
subset matrix semilinear algebra of type I which is doubly non 
commutative can contain subset matrix semilinear algebra of 
type I which are not doubly commutative but changing the 
semiring over which it is defined to be commutative but of type 
I. Finally if we change the base semiring to be a semifield we 
get subset matrix semivector space over the semifield which is a 
subset of the semiring. 


a; € {Collection of all 
6 


a, a, a; 
Example 4.30: Let M = 
a, a, a 


subsets from the semigroup semiring S = (Q” U {0}) (S(12)}, 
1 <i < 6} be the subset matrix semivector space of type one 
over the semiring S. 


M is doubly non commutative. 


Take N= ae ae: 
0 0 0 


a; € {Collection of all subsets 
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from the semigroup semiring S}, 1 <i <3} CM; N is a subset 
matrix semivector subspace of M over S of type I. 


a, a, 
ay “ay : 
Example 4.31: Let T= mA ai € {Collection of all 


ayy a4 


subsets of the group semiring S = (Z” U {0}) Ay}, 1 <i< 24} be 
the subset matrix semivector space of type I over the semiring 
S. T has infinitely many subset matrix semivector subspaces. 
Infact T is a Smarandache subset matrix semivector space over 
the subset Z* U {0} c (Z’ U {0})Ay, where Z* U {0} is a 
semifield. 


a, a, 
Example 4.32: Let W= 4] a, a, || a; € {Collection of all 
a, a 


subsets from the semiring R” U {0}}, 1 <i < 6} be the subset 
matrix semivector space of type I over 5Z’ U {0}. W has 
infinitely many subset matrix semivector subspaces. 


Now we proceed onto give examples of subset matrix 
semivector spaces of type III over a field F. 


a, a, 
Example 4.33: Let M= 4} a, a, || aj € {Collection of all 
a, a 


5 6 


subsets of a field Z7}; 1 < i < 6} be the special strong subset 
matrix semivector space over the field Z, of type HI. Clearly 
o(M) < «, 
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a, a, 

a, a, : 
Example 4.34: Let M = . . |}a € {Collection of all 

Ayn Ang 


subsets from the field R}; 1 < i < 24} be the special strong 
subset matrix semivector space of type III over the field R. 
Infact o(M) = ©. 


Suppose R is replaced by R* U {0}. M will only be a 
subset matrix semivector space over the semifield R’ U {0}. If 
R is replaced by Z, M will be a subset matrix semivector space 
of type II over the ring Z. 


Now we see M has special subset matrix semivector spaces 
of type II also apart from the subset matrix semivector spaces. 


Example 4.35: Let 


«|| a € {Collection of all 


Be ay. Ody 


subsets form the ring QSs}, 1 <i <9} 


be the special strong subset matrix semivector space of type III 
over the field Q. M is also a special strong subset matrix 
semilinear algebra of type III over the field Q. 


Infact o(M) = 0 and M is a non commutative special strong 
subset matrix semilinear algebra of type III over the field Q. 
We can consider M as a double non commutative special subset 
matrix semilinear algebra of type II over the ring QSs. 


Infact M is also a Smarandache doubly non commutative 
special matrix semilinear algebra of type II over the ring QSs. 
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Example 4.36: Let W= 4) a,, a; .. 4) || ai € {Collection 


Ay, 453 «Az, 


of all subsets from the semigroup ring RS(3)}, 1 <i < 3} be the 
strong special subset matrix semivector space of type III over 
the field R. 


Infact W is a special subset matrix semilinear algebra of 
type II over the ring RS(3) which is doubly non commutative 
and is of infinite order. 


Example 4.37: Let M = {Collection of all 6 x 6 matrices with 
entries from the subsets of the groupring Z;9D.17} be the special 
strong subset matrix semivector space over the field Z19 of type 
Il. 


If Zi9 is replaced by the ring Zj9D 217 we have M to be a 
special subset matrix semivector space over the ring 
Zi9D2,17 of type II. 


Clearly o(W) < 0. 
fa, a, a, | 
Gy. By. “Az 


Example 4.38: Let W= 4] a, a, a, || ai € {Collection of 


all subsets from the field Zs}, 1 <1 < 15} be the special strong 
subset matrix semilinear algebra of type III over the field Zs. 


Clearly o(W) < 0%. 
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Example 4.39: Let M=4]a, a, a, || a € {Collection of all 


subsets of the group ring Z;,S3}, | <i < 9} be the strong special 
subset matrix semivector space of type III over the field Z)). 
Clearly as a semilinear algebra of type II], M is non 
commutative. If Z,, is replaced by Z,,;S; we see M is a special 
subset matrix semivector space of type II. 


Infact M is a doubly non commutative subset matrix linear 
algebra of type II over the ring Z;,S3. 


Example 4.40: Let 


W = {Collection of all subset of the groupring Z)3S7}. 


a, ai, a>) 
a, ai. ax. : 

P=4| 5 © % |lai e W, 1 <i< 30} bea strong 
Ao Ax 439 


special subset matrix semivector space over the semifield Z)3 of 
type III; o(P) < ». If Z)3; is replaced by Z)3S; we get special 
subset matrix semivector space of type II over the ring Z)3Sy. 


We see the type will affect the basis of the structure. To 
this end we define the following properties about these subset 
matrix semivector spaces of all types. 


Let M be a subset matrix semivector space. We say A and 
B in M are linearly subset dependent if A = cB; c € ring or field 
or semiring or semifield over which M is defined. 


If for no c we can write A = cB then we say A and B 
linearly subset independent in M. 
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wan-(9889 2) apa ( 
{0} {0} {1,2,3,4} {0} 


= {all 2 x 2 matrices with the subsets from the semifield Z” U 
{0+} and M is a subset matrix semivector space over the 
semifield Z’ U {0}. Clearly A # cB for any c € Z’ U {0} so 
A and B are subset linearly independent in M over Z’ U {0}. 


pa a-(%29 1) anas (2) oo 


OF 3} Oy th 


We see A = 3B so A and B are subset linearly subset 
dependent matrices. 


Given any pair of matrices in M we may have them to be 
linearly subset independent. A collection of linearly subset 
independent matrices which is capable of generating the subset 
matrix semivector space is defined to be the subset matrix basis 
of M over the appropriate algebraic structure. 


We will illustrate this situation by an example or two. 


a 
Example 4.41: Let M= { j aj, a € {Collection of subsets 
a, 


of the field Z3}} be the special strong subset matrix semivector 
space over the field Z3. 


Th ; - | 7 Pa ; 
e subset matrices A = and B = in M are 
{0} {0} 


linearly dependent as 2A = B; that is B= 2A. However if A = 


{0} _ | {0,25 , 
and B = are subset linearly independent 
{1,2} {0} 


matrices, can A, B in M generate M. 
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If S is the generated by A, B. 


a=] 1 | esinen tt] es, 
tL25 (05 


near[ Jes 
{2,0,1} 


{0,1,2} 
Now B € SsoB+B= 10} eS. 


[7] es 
{0} 


However S # M; that is A, B cannot generate M as subset 


eo fe , {I} | {2} 
matrix linearly independent set for 5 éS 
th] L123 


Now consider the sets Lele. ; eal 10} } eM 
tE } {0} {0} |’| {0,13 


We see this can be a basis of M and are linearly subset 
independent over the field Z;. 


Example 4.42: Let M = {(aj, a2, a3) | a € {Collection of all 
subsets from the ring Z4}, 1 <1 <3} be the special subset matrix 
semivector space over the ring Z4. 


A] [Ox] [or] 
Consider P = +| {0} | ,| {1} | ,] {0} $, 
{03} | 03] | a 


P is a linearly subset independent collection. However P 
cannot form a basis of M. 
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T= {({1, Of, {0}, {0}); GO}. 10,1}, 10}), GO}, U5 40}), 
({0}, {0}, {1})} CM is a subset linearly independent matrix. 
Infact T is a subset matrix basis of M over Zu. 


We can have another set of subset linearly independent 
subsets which forms a basis of M over Za. 


a, a 
Example 4.43: Let W = { i a; € {Collection of all 
4 


a; 


subsets of the ring Z,}, 1 < i < 4} be a special subset matrix 
semivector space over the ring Zo. 


rater = {1} eee cele a 
0)" 110} (03]” LO} (03 
bees a be | 
(OF J? LAO} 0h} [40} 40} YP 


Fe | be nl 
, cW 
{0,15 {0} | | {0} {0,15 
is a collection of subset matrix independent set which is a basis 


of W over Z¢. 


Clearly subset dimension of W over Zg is eight. 


a, a, %a, , 
Example 4.44: Let W = a; € {Collection of all 


fy Ae “ay 


subsets from the ring Z2}, | < i < 6} be the special subset 
matrix semivector space over the ring Z). 


Tater = {0 ea a 
{0} {0} (03) 40} 0} {0} 
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S {0} - G {0} al i {0} a 

0} 0} O) UG 0 O) UO} G 
3 {0} i e {0} . be {0,1} i 
{0} {0} GJ {0} {0} Oh)" LO} 0} (OH) 


i (05 ey 10} . i {05 a 
{0} {0} {0} ) UO {0} 0) UO} (0.0 (04) ” 


i {0} {0} 
<W 
{0} {0} {0,5 
is a subset matrix basis of W over Z>. The subset dimension of 
W over Z)7 is 12. 


It is left as an exercise for the reader to find subset basis of 
subset matrix semivector spaces. 


Example 4.45: Let W = * “* |! a: © {Collection of all 


subsets of the field Z7}, 1 < i < 8} be the strong special subset 
matrix semivector space over the field Z7. 


Ty (OF) | tO} tHE | | OF {OF ] | OF 10} 
{0} (OF) | tO} OF) | tO) | OF 
{0} {0} ]° | {0} {0} ]" | 0} OF] |} (}Y 
{0} tO] LtO} tO] LtO} {OF} LtO} {0} 


Let P= 
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{0} OF} | OF (OF | | OF OF} | tOF OF 
{Of (OF) | {OF OF] | OF OF] | OF tO} 
GH OO Ol | OP] Oy 
{0} {OF} Lt} tO] LW OF] Lt ww 


{0,1 {OF} | tO} (0,18) | {OF {OF] | OF {0} 
{0} {OF} | {0} (OF | | LOT tO) | 0} 10,1} 
{0} {OF} ] {0} {OF J | {0} OF)” | LO} OH YP 
{0} {03} L{O} {0} tO} tf] LtO} {05 


{0} {OF | | {0} (03 {0} {0} | | {0} {0} 
{0} (OF ] | tO} {0} {0} {0} | | {03 {0} 
{0,1} {0} ]" | {0} {0,1} ]° | {0} {OF} ] {0} {0} 
{0} {0} | LtO} {OF | LLOT tOF} tO} {0,1} 


is a special strong subset matrix semivector basis of W over the 
field Z; and the special strong subset dimension is 16. 


a; € {Collection of all 


as 6 


a, a, 
Example 4.46: Let M=4|a, a, 


subsets from the semifield Z” U{0}}; 1 < i < 6} be the subset 
matrix semivector space over the semifield Z” U{0}. 


1} {OF} | {0} te] | tO 0} 
P=o| {OF {OF}, | {0} (OF), | TH tO}, 
{0} {OF} tO} tO} } [tO 10} 


{0} {OF} | {OF (OF) | OF {OF} | 0.1} 0} 
{0} {Li}, ] tO} {OF}, | {OF (OF), | 0} 10}, 


{0} {OF} Lt tO] LO {0} {0} 
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{0} (0,15) | (OF {OF} | OF 0} {0} {0} 
{0} {0} |), | 10,1; (OF), | OF (OTF ], | 10} (OF J, 
tO 105 (05 OF] LtOf OF | LAO (05 


{0} {0} 
{0} {0} |p CM 
{0} 10,13 


is a subset matrix basis of the semivector of M over the 
semifield Z’ U{0}. Clearly the subset matrix semivector space 
is dimension is 12. 


Example 4.47: Let M = {Collection of all 5 x 5 matrices with 
subset entries from the semiring 


be the subset matrix semivector space over the semiring L of 
type I. 


Find a basis subset matrix of M over L 


Now we proceed onto define yet a new type of subset 
matrix semivector space over semirings or semifields of subsets. 
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DEFINITION 4.3: Let S = {Collection of all subsets of a field or 
a ring or a semiring or a semifield}. 


M = {m xn matrices with elements from S}. M is defined as 
the super subset matrix semivector space over the subset 
semiring / semifield S. 


We will first illustrate this situation by some examples. 


a; € S = {Collection of all 
a, 


a, a, 
Example 4.48: Let M= 
4 


subsets from the ring Zo}; 1 <i < 4} be the super subset matrix 
semivector space over the semiring / semifield S. 


ie {0,3}  {0,4,2} 


€ M and x= {0, 2,7} €S. 
{0, 6,8} {lt 


{0,2,7}x {0,3} {0,2,7}x {0,4,2} 
{0,2,7}x {0,6,8}  {0,2,7}x {1} 


10,63} (0.4.5.8) _ 9. 
>= E 
{0,33 75652} {0, 2,7} 


This is the way we make super subset matrix semivector 
space. 


Example 4.49: Let 

S = {Collection of all subsets from the semifield Z” U{0}} be 
the subset semifield. Let W = {3 x 2 matrices with entries from 
S}, be the semivector space over the subset semifield S. 


{0,1,2,4,8,9} {0,9,2} 
Let A=] {4,8,9,11} {0} | €W and x={0,9,12,3,4,1} €S. 
{14,2,0} — {7,19,1} 


202 | Subset Polynomial Semirings and Subset Matrix Semirings 


{0,1,2,4,8,9,18,3,6 
12,24, 27,16,32,36, 
72,81, 48, 96,108} 


{0,9, 2,6, 27,8, 36, 
18,81,24,108} 


{4,8,9,11,12,24, 
xA = | 27,33,16,32,36,44,0, {0} is in W. 
81,72,99, 
48, 96,108,132} 
{1,7,19,0,3,21,57, 
4,28,76,9,63,171,12, 
84,228} 


{0,2,14, 6, 42,8, 56, 
18,126, 24,168} 


a, a 
Example 4.50: Let M= { ; | a; € {Collection of all 
a, 


a; 


subsets from the semifield Q” U{0} = S; 1 <i < 4} be the super 
subset matrix semivector space over the subset semifield S. 


M is infact a non commutative super subset matrix 
semilinear algebra over the subset semifield S. 


Example 4.51: Let B= {(a1, a2, a3, a4, a5, Ag, ..., a10) | aE 
S = {Collection of all subsets of the ring Z)4}; 1 <i < 10} be the 


super subset matrix semivector space over the semiring S. 


Clearly o(B) < 0 and also the dimension of the super subset 
matrix semivector space is finite. 


a, 
a 
Example 4.52: Let M = 5| . || a| € S = {Collection of all 


ag 


subsets of the group ring Z3S3}, | <i < 8} be the super subset 
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matrix semivector space over the subset semiring S. Clearly M 
is doubly non commutative as a super subset matrix semilinear 
algebra over the subset semiring S. 


Infact for A € S and P € M; AS # SA in general. 


Example 4.53: Let 

S = {Collection of all subsets from the semigroup ring Z4S(3)}, 
M = (aj, a2, a3, a4, as) | aj © S; | <i < 5} be the super subset 
matrix semivector space over the subset semiring S. Clearly M 
as a super subset matrix semilinear algebra which is doubly non 
commutative. For if X € S and A € M, AX # XA in general 
and AB # BA in general for A, B ¢€ S. 


Example 4.54: Let 
S = {Collection of all subsets of the semiring (Z’ U {0})S(7)}. 


a, a, a, a 

1 2 3 4 

ac A, ay a, 
be the super subset matrix semivector space over the subset 
semiring S. 


a €S;1<i<8} 


Clearly for X e€ Sand A e M XA # AX. This is a special 
type of non commutative semivector space. 


One is very well aware of a fact in general if V is a vector 
space (or a semivector space) and F a field (or a semifield) then 
for v € V anda ¢€ F av = va but this is not in general true in 
case of subset matrix semivector spaces more so in super subset 
matrix semivector spaces. 


This is the main difference between usual vector spaces 
(semivector spaces) and the subset matrix semivector spaces 


and super subset matrix semivector spaces. 


We will illustrate this situation also by an example or two. 
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Example 4.55: Let M = ai € S = {Collection of subsets 


a, 


of the group ring Z4 S3}, 1 <i < 4} be the super subset matrix 
semivector space over the subset semiring S. 


{Pi»Pos 
{p3} 
{2p,} 
{p, + Pi} 


Take X = {pj, po, 0, 3p3} € S and A= 


{P,P2>0,3p3} {P,.P2} 
{P1>P2>9,3ps} {Ps} 
{P,P2,9,3p;} {2p,} 

{P,,P>,0,3p;}{P> + Pi} 


We find XA = 


{1,0,p;,3p5,P4,3P,4} 
{3,0,P4.Ps} 
{0,2p,,2p,,2p,} 
{0,1+p;,1+p,,3p, +3ps} 


{P,.P2} {P1,P2,9,3ps} 
° ’ 0,3 
Consider AX = {Pa} 4PiP2>03Pa} | _ XA, 
{2p4} {P,.P2,0,3ps} 


{P, + P,} {P,,P.,0,3p3} 
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so only we use the term in general AX # XA. 


{p.} 
N : 7 _ | {Ps} 
ow consider X = {p), 0} ¢ Sand A= : 
{pa} 
{Ps.05 
t0,P,5 {Pat {0p} 
wefindXA =| (Pi {Ps} | | P43 
(0,P, 5 tP4 oT (0,P, P35 
{0,p,} {0,ps} (0,P.5 
{P2} 10, P;5 {0, Pa} 
Consider AX =| (P}{0-P3 |] (Ops) 


{p41} {0,p,} {0,P,,P2} 
{0,p.} {0,p,} {0,p3} 


Clearly XA # AX. 


a, a, 

a, a, . 
Example 4.56: Let M= 4}. f a, € S= {Collection of 

ai; ain 


a, [205 


all subsets from the semiring Z” U {0} (S7)}, 1 <i < 12} bea 
super subset matrix semivector space defined over the subset 


semiring S of type I. 


We see 0(M) is infinite, however the reader is left with the 


task of finding dimension of M over S. 
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a, a, Ayo 
Example 4.57: Let W = 4\/a, a, .. a, |} ae S = 
Bhyg Ahgs. eke gy 


{Collection of all subsets of the group ring Z,; Se}, 1 <i < 30} 
be a super subset matrix semivector space over the subset 
semiring S. 


We see 0(W) < « and W is finite dimensional over S. 


Example 4.58: Let M=45| a, a, a, || a €S= {Collection 


of all subsets of the group lattice LS; where L is the following 
lattice, L = 


1 <i< 15} be a super subset matrix semivector space over the 
subset semiring S. 
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Clearly o(M) < o and M is a commutative super subset 
matrix semilinear algebra over S. 


Example 4.59: Let 
S = {Collection of all subsets of the group ring Z45 Ss}. 
a, a, a 
M=;| * 2 ° Jl aeS8,1<i<30} 
Arg Ang Aso 
be the super subset matrix semiring over the subset semiring S. 


Clearly o0(S) < co but S is doubly non commutative as super 
subset matrix semilinear algebra over S. 


Further S is also non commutative as a super matrix 
semivector space as xA # Ax in general for all x € S and 
AeéeM. 


Example 4.60: Let 


S = {Collection of all subsets of the field Z43}. 


Bir Be ae 
M=35] a ay -- ae |} aeS;1<S1<24} 
Ai, Aig + Any 


be the super subset matrix semivector space over the subset 
semiring S. o(S) < . 


M is infact commutative as a super subset matrix 
semivector space as well as super subset matrix semilinear 
algebra over S. 
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Example 4.61: Let 
S = {Collection of all subsets of the group ring Z43 D27}. 


Weal on ae a, € S,1<i< 16} 


be a super subset semivector space over the subset semiring 
Z43D27. 


o(W) < «. But W is non commutative as a super subset 
matrix semivector space and doubly non commutative as a super 
subset matrix semilinear algebra over a subset semiring. 


We see the concept of linear independence and subset basis 
of a super subset matrix semivector space over a subset 
semiring. 


Example 4.62: Let 

S = {Collection of all subsets of the field Z;,}. 

W = {(aj, a, a3, a4) | ai © S; 1 <1 < 4} be the super subset 
matrix semivector space over the subset semifield S. 


Take A = ({1}, {0}, {0}, {0}) and 
B=({0}, (0,55, (05, (OF) © W. 


We see A and B are subset linearly independent. 


Consider A = ({4, 6, 2}, {2}, {0}, {4}) and B = ({1, 3, 2}, 
{1}, {0}, {2}) in W. We see 2B = A thus A and B are subset 
linearly dependent. 


Now consider 

B= {({1}, (Of, {0}, (OF), CO}, {1}, (OF, (03), CLO}, {0}, 
{1}, {0}), CLO}, (OF, LO}, {1}), CLOT}, {OF, {0}, {0}), CLO}, 
{0,1}, {Of}, {O}), OF, {OF, {OT}, {O}), (OF, {O}, {0}, {0,1})}. 
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B is a not a subset basis of W for ({1}, {0}, {0}, {0}) and 
({0,1}, {0}, {0}, {0}) are subset linearly dependent. 


B would have been the subset basis of the W as not 
considered as a super subset matrix semivector space. 


However for the super subset matrix semivector space W 
the super subset basis is B = {({1}, {0}, {O}, {O}), ({O}, {1}, 
{0}, {0}), ({O}, {0}, {1}, {0}), LO}, {0}, (OF, C1})}- 


Thus dimension of W over S is four. 


Example 4.63: Let 
S = {Collection of all subsets of the semiring R” U {0}}. 


a, a, ayy 
M= 3] a, a4 -- a4 || a eS, 1<1< 36} 
A25 Ag ++ As, 


be the super subset matrix semivector space over the subset 
semiring S. o(S) =o but super subset dimension of M over S is 
just 36. 


Example 4.64: Let 

S = {Collection of all subsets of the semifield R° U {0}}. 

M = {Collection of all 7 x 7 matrices with entries from the 
subset semiring R” U {0}} is the super subset matrix semivector 
space of dimension 49 over S. 


Inview of this we have a nice theorem. 


THEOREM 4.2: Let S = {Collection of all subsets from a field 
or a ring or a semifield or a semiring or a group ring or 
semigroup ring or a group semiring or a semigroup semiring}. 
M = {Collection of all m xn matrices with entries from S}. M is 
a super subset matrix semivector space of super subset 
dimension m xn over S. 
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Proof is direct and hence left as an exercise to the reader. 
Whatever be the order of M we see super subset dimension of 
M is the same. 


It is simple and is a matter of routine to get super subset 
matrix semivector subspaces of a super subset matrix 
semivector space over a subset semiring. 


Now we proceed onto define describe and develop the 


notion of subset polynomial semivector spaces and the notion of 
super subset polynomial semivector spaces. 


DEFINITION 4.4: Let S = {Collection of all subsets of a 
semiring or a semifield or ring or a field}. 


a; € S}. M is defined as the subset 


i=0 


M = {Sax 


polynomial semivector space of a stipulated type depending on 
the structure over it is defined. 


We will first illustrate this situation by some examples. 


Example 4.65: Let 


S = {Collection of all subsets of the semifield Z” U {0}}. 


a; € S}; M is a subset polynomial semivector 


i=0 


M = [Zax 


space over the semifield, Z” U {0}. 


Example 4.66: Let S = {Collection all subsets of the lattice L = 
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1 
a10 Ag 
ag 
a6 a7 
as 
a4 
a3 
ay a 
0 


M = {Zax d; <¢ S} be the subset polynomial semivector 


i=0 


space over the semifield 


a3 


If M is a subset polynomial semivector space over the 
semiring L then we call M to be a subset polynomial semivector 
space of type I over L. 


Infact by varying the semifields or chain lattices in L we 
can get several different subset polynomial semivector spaces 
over F;, 1 <i <4. 
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1 
For take F,; = or Fy = 
a0 a10 
ag aG 
a6 ay 
as 0 
a4 
a3 
ay 
0 
a. 
or F3 = l or Fy = : 
ag a3 
ay 
a7 0 
as 
a4 
a3 
a 
0 


and so on. We see F;’s are just chain lattices so they are nothing 
but semifields. 


Also we can get type I subset polynomial semivector spaces 
over other sublattices which are not chain lattices. 


Example 4.67: Let S = {Collection of all subsets of the 
semiring 
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= oO 


a, € S}; 


M= {Sax 
i=0 


M is a subset polynomial semivector space / subset polynomial 
semilinear algebra of type I over the semiring B. 


Example 4.68: Let S = {Collection of all subsets of the 
semiring R = (Z’ U {0})S; (group semiring)}. 


M = [Zax a; € S} is a subset polynomial semivector 


i=0 


space of type I over the semiring R. 


The speciality of this space is that if a e R and p(x) e M 
then ap(x) # p(x)a in general. 


That is why these subset polynomial semivector spaces are 
non commutative of type I. Further as a subset polynomial 
semilinear algebras over R of type I they are doubly non 
commutative over R. 


We will give some more examples of them. 


Example 4.69: Let S = {Collection of all subsets of the 
semigroup semiring T = (R* U {0}) (S(4))}. 
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M= [Zax a; € S} is a subset polynomial semivector 
i=0 
space over R* U {0} and a subset polynomial semivector space 
of type I over T. 


We see as a subset polynomial semivector space of type I 
over T, M is non commutative and doubly non commutative as 
a subset polynomial semilinear algebra of type I over T. 


12 3 4\f1l 2 3 4)|, 
For take a = ; in S and 
112 2)/\3 3 1 1 


& 123 4)(1 23 4) ,. 
x)= ‘ x 
P 3 ATE DP SB 
L 2.3. 4A 2 
23 4 1)\4 4 
%) 12 3 4\(1 23 4 
ap( xX) = . > 
P i 4. Bolle 4-3 A 
192 3 4)\1 23 4) f1 2.3 -4\f1 23 4 
Pk Oe 2 Ts Be Pee Ba PAD Ale SB, cae 
to: 3, 4) 2 3 As 
: x + 
SSL 23 
0s AN GD, 22 Ae 1 De BOAT 2 
12D, we OA OD) DO Va oe oA TP 


KR WwW 
— 5 
MS 
ee“ 
a) 
< 
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tL 2S 4\f1. 2S aye 2 B AVL 2 2 -4 
Oe. Bs TS Boe Aha a aA a 
lth: 2-3 4) Sy 84 
oe TAT tae 
123 4)\f1 2 3 4), 
> xt 
5. 3 2 BD 
fe BS AVL. Boe a 
223 3/\4 4 4 4) 
i 2-3 4ANff 2 3-4 
; eM. 
442 2)/\4 4 4 4 
: Lo 3 a, 2S 
Now consider p(x) a = ; , 
Sn ee: oe oe a 
[2 S an 2 34 23 4\(1 23 4 
bo BD a 1 i Sh: 5. Bae 
oe se 
+ 
1 1 3 
DB. A 234 23 4\(1 2 3 4 
DA a alie en a 


Kei 
ere 902290829 


44 4 
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{4 2 3 4\f1 2 3 4 
ot er a ee 
iL oS Ay{i 2 
{ I-32 212 2 
12s 4)\f1 23 4 
Pe De A a a SP 
th & AVL 3 
a. 2 STIS 2 


Clearly ap(x) # p(x)a. 


Wo Ww 
= 
Ss 
a 
a 
1S) 
+ 


NO Ww 
— 8 
SS 
e+’ 
m 
Ss 


That is why we say M is a non commutative subset 
polynomial semivector space of type I over the semiring T. 


Example 4.70: Let 
S = {Collection of all subsets of the semigroup ring Z\.S(3)}. 


M = {s a,x 
i=0 


semivector space of type II over the ring Z)2S(3). 


a; € S} be the special subset polynomial 


Clearly M is a non commutative special subset polynomial 
semivector space of type II. M is a doubly non commutative 
special subset polynomial semilinear algebra of type II over 
Z12S(3). 


Example 4.71: Let 
S = {Collection of all subsets of the groupring Z7Ss}. 


M = {s os 
i=0 


semivector space of type II over Z7Sg or M can also be realized 


a; € S} be the special subset polynomial 
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as a special strong subset polynomial semivector space of type 
III over Z7. 


In the first case it is non commutative as special subset 
polynomial semivector space of type IJ and doubly non 
commutative as a special subset polynomial semilinear algebra 
of type II over Z7Ss. 


However it is a special strong polynomial semivector space 
over of type III over Z7 but is a non commutative special strong 
polynomial semilinear algebra of type III as 


p(x) q(x) # q(x) p(x) in general for p(x), q(x) € M. 


Example 4.72: Let S = {Collection of all subsets of the field 


R}. M= [Zax 


i=0 


a; € S} is a special strong subset polynomial 


semivector space of type III over the field R. 


Infact M is also a special strong subset polynomial 
semilinear algebra of type III over the field R. 


M can be realized as a subset polynomial semivector space 
over the field RX U {0}. M can be realized as a special 
polynomial semivector space over the ring Z C R of type I. 


We see just by varying subsets of the field R we can get 
different types of subset polynomial semivector spaces. 


Example 4.73: Let 
S = {Collection of all subsets of the group ring R = Zs5Dy7}. 


M = {s a,x’ 
i=0 


semivector space over the ring R of type II. 


a, € S} is the special subset polynomial 


If M is considered over the field Z; we see M is a special 
strong subset polynomial semivector space of type III over the 
field Zs. 
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Example 4.74: Let 
S = {Collection of all subsets of the semifield Z” U {0}}. 


M = [Zax 


i=0 


ai € S; 0 <1 < 9} is the subset polynomial 


semivector space over the semifield Z” U {0}. 


Clearly M is not a subset polynomial semilinear algebra 
over the semifield Z” U {0} as for p(x), q(x) € M in general 
p(x) x q(x) ¢ M. 


Example 4.75: Let 
= {Collection of all subsets of the semiring T = (Z" U {0}) 


S3}. W= [Zax 


i=0 


a, € S; 0 <I < 7} is a subset polynomial 


semivector space over the type I. 


Clearly W is not a subset polynomial semilinear algebra 
over T for if p(x), q(x) € W then p(x) x q(x) ¢ W in general. 


Example 4.76: Let S = {Collection of all subsets of the 
semiring B = 


RS: 


4 
M = [Daw ai € S; 0 <i < 4} be the subset polynomial 


i=0 


semivector space over the semiring B of type I. 
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Clearly M is not a subset polynomial semilinear algebra 
over B of type I. 


Example 4.77: Let 
S = {Collection of all subsets of the ring Z4}. 


ai € S, 0 < i < 10} be the special subset 


polynomial semivector space of type II over the ring Z4o. M is 
not a special subset polynomial semilinear algebra of type II 
over Zao. 


Example 4.78: Let S = {Collection of all subsets of the group 
lattice LS, where 


L= 1 


15 
M = [daw a, € S, 0 <1 < 15} be a subset polynomial 


i=0 


semivector space of type I over the semiring LSy. 


Clearly M is non commutative as a subset polynomial 
semivector space of type I over L. Further M is not a subset 
polynomial semilinear algebra of type I over L. 
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Now we have seen all subset polynomial semivector spaces 
in general are not subset polynomial semilinear algebras what 
ever be the type; however all subset polynomial semilinear 
algebras are always subset polynomial semivector spaces. 


In view of this we have the following theorem the proof of 
which is left as an exercise to the reader. 


THEOREM 4.3: Let S = {Collection of all subsets of a semifield 


a; € S; 0 Sis 


i=0 


or a semiring or a field or a ring}. M = ps a,x' 
n, n < 0} be a subset polynomial semivector space over a ring 
(or semifield or semiring or a field). Then M is never a subset 
polynomial semilinear algebra over the ring (or semifield or 


semiring or a field) of any type. 


Inview of this we have another theorem. 


a; € S = {Collection of all 


THEOREM 4.4: Let M = [Saw 

i=0 
subsets of a ring or a semiring or a semifield or a field}} be a 
subset polynomial semivector space over ring or field or 
semiring or a semifield. M in general need not be a subset 


polynomial semilinear algebra of any type. 


The result is obvious if n < oo certainly M is never a subset 
polynomial semilinear algbra of any type. 


We can as in case of usual subset semivector spaces define 
the notion of subset semivector subspaces, subset linearly 


independent elements and subset basis. 


We only illustrate this situation by some examples. 
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Example 4.79: Let 


M = {Sax 
i=0 


Z,0}} be the special subset polynomial semivector space of type 
II over the ring Z;o. 


ai € S = {Collection of all subsets of the ring 


Let p(x) = {0,5,8}x + {2,1} and q(x) = {9,3}x + {8,0} © M 


We see p(x) and q(x) are subset linearly independent 
polynomials in M. 


Consider p(x) = {0,2,4}x + {6, 8} and q(x) = {0,1,2}x + {3, 
4: in M. We see p(x) and q(x) are subset linearly dependent 
polynomials in M for p(x) = 2q(x). 


Now as in case of usual vector spaces we see in case of 
subset polynomial semivector spaces also the basis B will form 
a linearly independent set, that is the basis B will be a subset 
linearly independent set. 


Take B= {{1}, {1}x; 04 {1}x") «a, (0; 1}, {0/1} x, {0,1}x’, 
..., {0,1}x", ...} forms a subset basis of the special subset 
polynomial semivector space of type II over the ring Zo. 


Example 4.80: Let M = [Zax a, € S = {Collection of all 
i=0 


subsets of the semifield Z” U {0}}} be the subset polynomial 
semivector space over the semifield Z* U {0}. 


We can vizulize M to be a subset polynomial semilinear 
algebra over the semifield Z* U {0}, then p(x) x q(x) is defined 
and is in M. 


Now a subset polynomial basis of M over Z’ U {0} is given 
by B= {{1}, {0, 1}, {0,1}x, {1}x, ..., {1}x", {0, 1}x", ...} over 
the semifield Z* U {0}. 
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Example 4.81: Let S = {Collection of all subsets of the 


semiring L = i 


0 


M= 3 a,x'|a; € S} is a subset polynomial semilinear algebra 


i=0 


of type I over the semiring L = ’ 


0 


Consider B = {{0, 1}, {1}, {1}x, {0,1}x {1}x’, {0, 1}x’, ...} 
¢ Misa subset basis of M over the semiring 


1 


L= b Of type I. 


Example 4.82: Let 


M = {Sax 


a, € S = {Collection of all subsets of the field 


i=0 
Z7}} be the special strong subset polynomial semilinear algebra 
over the semifield Z; of type II. 


B= {{1}, {0,1}, {0,1}x, {1}x ...} is a subset polynomial 
basis of M over the field Z; of type III. 


a; € S = {Collection of all 


i=0 


Example 4.83: Let M = [Zax 


subsets of semiring (Z°U{0!)S3} be the subset polynomial 
semivector space of type I over the semiring (Z" U {0})S3. 
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a; € P = {Collection of all subsets of the 


Let W= [Zax 
i=0 


semiring (2Z° U {0!) S3} cM be the subset polynomial 
semivector subspace of type I over (Z* U {0}) S3. 


Example 4.84: Let M = {Collection of all polynomial ax 
i=0 

a, € S = {Collection of all subsets of the ring Z,,; A4}} be 

special subset polynomial semivector space of type I over the 

ring Z;Aq4. 


a eS}coM 


20 
Take N = [Bax 


i=0 


is a special subset polynomial semivector space of type I over 
the ring Z;, Aq. 


Now we proceed onto define super subset polynomial 
semivector spaces of all the three types. 


DEFINITION 4.5: Let S = {Collection of all subsets of the 
semiring or semifield or field or ring}. 


M= {s a,x'|a; € S} be the subset polynomial semivector 


i=0 


space of the appropriate type over S. We define M to be the 
super subset polynomial semivector space over S. 


We will illustrate this situation by some examples. 
Example 4.85: Let S = {Collection of all subsets of the 
semifield Q* U {0}}. 


M = [Zax ai € S} be the super subset polynomial 


i=0 


semivector space over the subset semiring S. 
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Example 4.86: Let S = {Collection of all subsets of the 
semifield L = 


and M -[Sax a; € S} be the super subset polynomial 


i=0 


semivector space over the semiring S. 


Example 4.87: Let S = {Collection of all subsets of the 
semiring 


ai € S} be the super subset polynomial 


M = {Sax 
i=0 


semivector space over S of type I. 


Example 4.88: Let S = {Collection of all subsets of the 


semiring (Z” U {0}) As}. M= [Zax a; € S} be the super 
i=0 


subset polynomial semivector space of type I over S. Clearly 
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even as a super subset polynomial semivector space, M is non 
commutative. 


Example 4.89: Let S = {Collection of all subsets of the 
semiring LS; where L is a lattice 


a; € S} is a super subset polynomial semivector 


i=0 


M= [Zax 
space of type I over S. 


However M is a non commutative as a super subset 
polynomial semivector space and doubly non commutative as a 
super subset polynomial semilinear algebra. For we see ifs € S 
and p(x) € M, sp(x) # p(x)s in general and for p(x), q(x) € M, 
P(x) q(x) # q(x) p(x). 


Example 4.90: Let M = {Sax a, € S = {Collection of all 
i=0 


subsets of the ring Z42}} be the special super subset polynomial 
semilinear algebra over S of type II. 


We can have several such special super subset polynomial 
semilinear algebras over S of type II. 
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Example 4.91: Let M = {Sax a, € S = {Collection of all 
i=0 


subsets of the ring Z\. S3}} be the special super subset 
polynomial semilinear algebra over S of type II. 


Clearly M is non commutative special super subset 
polynomial semilinear algebra over S. Infact M is doubly 
commutative. 

Example 4.92: Let 
S = {collection of all subsets from the field Z43}. 


a; € S} be the special strong super subset 


i=0 


Let M= [Zax 


polynomial semivector space over the semiring S of type III. 
Clearly M is commutative as a special strong super subset 
polynomial semilinear algebra over S. 


By = {{1}, {1}x, {1}x’, ..., {1}x") ...} is a subset basis of 
M as a Special strong super subset polynomial semivector space 
over S. 


Example 4.93: Let S = {Collection of all subsets of the group 
semiring (Q* U {0})}. 


M = [Zax 


i=0 


a; € S} be the super subset polynomial 


semivector space over S of type I. Infact for p(x) © M and 
s € S we have in general sp(x) # p(x)s. 


Further M is a super subset polynomial semilinear algebra 
of type I over S which doubly non commutative. 


B, = {{1}, {1}x, {1}x’, {1}x°, ..., {1}x?, ...} be the subset 
basis of M as a semivector space over S. 
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Example 4.94: Let 
S = {Collection of all subsets of the semigroup ring Z5S(8)} and 


M = {Sax 


i=0 


a; € S} be the special super subset polynomial 


semivector space of type I over S. 


Clearly M is non commutative even as a special super 
subset polynomial semivector space of type I over S for sp(x) # 
p(x)s in general for s € S and p(x) € M. Further if M is realized 
as a special super subset polynomial semilinear algebra then 
also then M is doubly non commutative as for p(x), q(x) € M, 
p(x) q(x) # q(x) p(x) in general. Finding basis is a matter of 
routine. 


Example 4.95: Let 


S = {Collection of all subsets of the group ring Z70S3}. 


M= [Zax a, € S and n < o} be the special super subset 


i=0 


polynomial semivector space of type I. Clearly M is non 
commutative, however M is not a special super subset 
polynomial semilinear algebra as for p(x), q(x) € M, we see 
p(x) q(x) ¢ M in general. 


Example 4.96: Let S = {Collection of all subsets of the lattice 
ring LS; where L is 


0 


ae S;0<i<7} 


7 
and 8S; is a permulation group}. M = [Zax 


i=0 


be a super subset polynomial semivector space over S. 
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Clearly M is non commutative as sp(x) # p(x)s for s € S 
and p(x) € M. 


Further M is not a semilinear algebra. 


5 
Example 4.97: Let M = [Dax ai € S = {Collection of all 
i=0 


subset of the group ring Z)2S4}; 0 < 1 < 5} be the super subset 
polynomial semivector space over the subset semiring S. 
o(M) < 0. 


We see M is non commutative but M is not a super subset 
polynomial semilinear algebra over S; for if p(x), q(x) € M then 


p(x) q(x) ¢ M. 


9 
Example 4.98: Let M = [Sax a; € S = {Collection of all 
i=0 


subsets of the group semiring (Z° U {0}) As}, 0 <i <9} be the 
super subset polynomial semivector space over S which is non 
commutative, but o(M) = ©. 


a; € S = {Collection of all 
i=0 


3 
Example 4.99: Let M = {Sax 


subsets of the ring ZD27}; 0 < 1 < 3} be the super subset 
polynomial semivector space over S which is non commutative 
and o(M) = 00, 


8 
Example 4.100: Let W = ps a,x'| a; € S = {Collection of all 


i=0 


subsets of the ring Z)}sD29} 0 <i < 8} be the super special subset 
polynomial semivector space over the subset semiring S. 


Clearly W is not a super special subset polynomial 
semilinear algebra over the subset semiring S. 
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Example 4.101: Let S = {Collection of all subsets of the ring 
C(Zi2) (g1, 82) where gt = 0 and g) = g>, gig2 = 0 = gogi} be 
the subset semiring. 


18 
M = {Sax ai € S; 0 < i < 10} be a super subset 
i=0 


polynomial semivector space of M over S of type I. 


Basis B of M over S is B = {{1}, {1}x, {1}x’, ..., {1}x'¥3. 
Clearly M is a finite dimensional super subset semivector space 
over S. 


Example 4.102: Let S = {Collection of subsets of Q} and 


a € S, 0 <1 < 27} be the super subset 


polynomial semivector space over S. Clearly M is finite 
dimensional, but is not a super subset polynomial semilinear 
algebra over S. 


Example 4.103: Let S = {Collection of all subsets of R} and 


2 
M= {Bax 


i=0 


a; € S, 0 <i < 27} be the super subset polynomial 


semivector space over the subset semiring. 

P = {Collection of all subsets of Q} CS. 

Clearly dimension of M over P is infinite. 

Further M is not a super subset polynomial semilinear 
algebra over P. Finally we have super subset polynomial 
semivector spaces which are not super subset polynomial 


semilinear algebras. 


Inview of this we have the following theorem. 
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THEOREM 4.5: Let S = {Collection of all subsets over a 
semifield OQ or R or ring or semiring or field}. M be a super 
special subset polynomial semivector space over S._ Clearly M 
is not a super special subset polynomial semilinear algebra 
over S. 


Proof is direct and is left as an exercise to the reader. 


Example 4.104: Let 
S = {Collection of all subsets of the group ring Z43Sg}. 


M = D3 a,x’ 
i=0 


semivector space over the subset semiring. 


ai € S} be the super subset polynomial 


P = {Collection of all subsets of the field Z43} CS. 


M is commutative as a super subset polynomial semivector 
space over P but M is a non commutative super subset 
polynomial semivector space over S.. M is a doubly non 
commutative super subset polynomial semilinear algebra over 


S. 
Example 4.105: Let 


S = {Collection of all subsets of the field C}. 


aj € S} is a super subset polynomial 


M = {Sax 
i=0 


semivector space (as well as semilinear algebra) over 
T = {Collection of all subsets of Q or R} CS. 


M can also be a special super subset polynomial semilinear 
algebra over S. 


Example 4.106: Let 
S = {Collection of all subsets of the ring C(Z»,)}. 
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9 
M= {Bax a; € S; 0 <i < 9} be the super subset polynomial 


i=0 


semivector space over the subset semiring S. 


Example 4.107: Let S = {Collection of all subsets of the 
semiring (Z* U {0}) (gi, 22, 83) where g7 = 0, g5=g) and g, = 
—g3, gig) = 0, 1f14)j, 1 <i, j <3} be the subset semiring. 


a € S; 0 <i < 21} is a super subset 


21 
M = ps a,x’ 
i=0 


polynomial semivector space over S. Clearly M is of finite 
dimension over S. However M is commutative. 


Example 4.108: Let 
S = {Collection of all subsets of the semiring (Q” U {0}) S(5)}. 


M= [Dax 


i=0 


a, € S; 0 <i < 8} be the super subset polynomial 


semivector space over S which is non commutative. 


Infact M is not a super subset polynomial semilinear algebra 
over S. 


Example 4.109: Let S = {Collection of all subsets of the 
semiring LS(12) where L = 


232 | Subset Polynomial Semirings and Subset Matrix Semirings 


a; € LS(12); 0 <i< 19} 


i=0 


19 
be the subset semiring. W = ps a,x’ 


be the super subset polynomial semivector space over the subset 
semiring S. 


Clearly W is non commutative over S. W is not a super 
subset polynomial semivector space and is not a super subset 
polynomial semilinear algebra over S. 


Example 4.110: Let 
S = {Collection of all subsets of the semiring (Q” U {0})So} be 


the subset semiring. M = {Sax a; € S} is a doubly non 


i=0 


commutative super subset polynomial semilinear algebra over 
the subset semiring S. 


Example 4.111: Let 
S = {Collection of all subsets of the ring ZgS(8)}. 


M = {s ax 
i=0 


semilinear algebra over the subset semiring S. 


a; € S} be the super subset polynomial 


M is doubly non commutative. Finding semilinear 
transformation and semilinear operators are a matter of routine. 
Let S = {collection of all subsets of the semifield Z” U {03}. 


ai €¢ S,0<i< 8} and 
i=0 


M= [Dax 


a € S; 0 <1 < 16} be subset polynomial 


16 : 
N = [Sax 
i=0 


semivector spaces over the semifield Z” U {0}. 


We can define T : M > N where T is a semilinear 
transformation of M to N. 


Subset Polynomial Semivector Spaces ... | 233 


Thus if we need to define semilinear transformation of 
subset polynomial semivector spaces M and N we must have M 
and N to be defined over the semiring or semifield or field or 
ring and in case of super subset polynomial semivector spaces 
over the same subset semiring S. 


The definition and working is similar to usual semivector 
spaces. 


Example 4.112: Let M = {s a,x'| a; € S = {Collection of all 


i=0 


subsets of the semiring L = 


be the subset polynomial semivector space over the semiring L 
of type I. 


We can define T: M — M, semilinear operators on M. 


We can also define semilinear functional T : M > L by 


T(p(x)) = >> & where p(x) = Yia;x' » gi € a; © S and dg; is 
i i=0 


the sum of all the elements in the set a;. 


We find the sum of the sums which is clearly in L. 


234 | Subset Polynomial Semirings and Subset Matrix Semirings 


Example 4.113: Let W = {Sax a; € S = {Collection of all 


i=0 


subsets of the semiring Z’ U {0!}} be the subset polynomial 
semivector space over the semifield Z” U {0}. 


Let p(x) = {8, 3, 4, 0, 11, 3, 5, 10, 9}x? + {1, 2, 3, 6}x? + 
{1, 2, 3, 4, 5, 6} =ayx' tax’? +a, € W. 


Let f: WZ’ U {0}. 


f(p(x)) = DX (8+3+4+0+1143+5+10+9) + (1424+3+6) + 
(1+2+3+4+5+6) 


=> (53+ 12+21) 
=86eZ'U {0}. 


Thus f is a subset semilinear functional of W. 


Example 4.114: Let 


a, € S = {Collection of all subsets of the ring 
i=0 


M = [Zax 


Zs}} be the super subset semivector space over the subset 
semiring S. We define f : M > S as follows: 


If p(x) = {0, 1, 2} x° + {3, 4, 5} x + {3, 6} 
then f(p(x)) = ({0, 1, 2} + {3, 4, 5} + {3, 6}) 
= {3, 4, 5, 6, 7} + {3, 6} 
= 46. 7,0, 1, 2,3,.4.59 
= Ze eS. 


This is the way super semilinear functionals are defined. 


We suggest some problems for the reader. 
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Problems 


1. Obtain some important and interesting features enjoyed by 
subset matrix semivector spaces. 


2. Distinguish the subset matrix semivector spaces from 
subset semivector spaces. 


3. Let M= {(aj, a, a3, ..., a6) | aj € {Collection of all subsets 
from the semiring 


1 <i < 6} be a subset matrix semivector space over the 
semifield L = 


1 

a 
f 
0 


(i) Find the number of elements in M. 

(ii) Find a semibasis for M. 

(iii) Can M have subset matrix subsemivector subspaces? 

(iv) Can M be a Smarandache subset matrix semivector 
space over the semifield L? 

(v) How many semibasis can M have over L? 


236 | Subset Polynomial Semirings and Subset Matrix Semirings 


1 4, a; a, 
as a a, 8 : 
4. LetM= a; € {Collection of all 
Ay Ay Ay AyD 


subsets of the semifield Z” U {0}} 1 <i < 4} be the subset 
matrix semivector space over the semifield Z’ U {0}. 


(i) Study question (ii) to (v) for this M. 

(11) Prove M is non commutative under usual product x 
and commutative under the natural product x,. 

(iii) Can M have many sets of basis? 


5. Let S = {Collection of all subsets of the semiring L = 


1 
a b 
c 
d e 
g h 
0 
a, 4, 4, 
wie 4 a5 ag : 
be a subset semiring T = a, € S; 1<i<12} 
7 ag a, 
aio ay Ay, 


be the subset matrix semivector space over the semiring L 
of type I. 
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(i) Prove o(T) < . 

(ii) Find a subset semibasis of S. 

(iii) Is T a S-subset matrix semivector space? 

(iv) Find subset matrix semivector subspaces of T. 
(v) How many basis can T have over L? 


(vi) Can T be made into a subset matrix semilinear algebra 
over L? 


(vii) If T is a subset matrix semilinear algebra over L will 
the subset dimension of T over L vary when T is just a 
subset matrix semivector space over L. 


a, a, a; 
Let M=4]a, a; a, |} ai € S= {Collection of all subsets 


a, ag a, 


of the group semiring P = (Z* U {03)(S3)}, 1 <i< 9} be the 
subset matrix semivector space of type I over the group 
semiring (Z° U {0})S3. 


(i) Show o(M) =. 

(ii) Find a subset basis of M over the semiring P. 
(iii) Is it finite dimensional? 

(iv) Can M have several basis over P? 

(v) Obtain some interesting features enjoyed by M. 
(vi) Can M be doubly non commutative? 


LetM = fs Bi Sih a 
Bie ey See Bigs 
subsets from the group ring Z5S3}, 1 < i < 20} be a special 


subset matrix semivector space over the group ring ZS; of 
type II. 


a, € S= {Collection of all 


(i) Find o(M). 
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(ii) Can M have several basis over Z;S3? 

(iii) Find a basis of M over Z;S3. 

(iv) Find some subset matrix semivector subspaces of M 
over Z5S3. 

(v) Can M be made into a subset matrix semilinear 
algebra over Z5;S3? 

(vi) Prove M is a non commutative subset matrix 
semivector space of type II over the ring Z5S3. 


a4 a 4; 
8. LetM=4]/a, a, a,|| aj e S= {Collection of all subsets 


a, ag ay 


from the semigroup ring R = Z7S(3)}, 1 <i <9} be a subset 
matrix semivector space over the ring R of type II. 


(1) Study questions (i) to (vi) given in problem 7. 


9. Let M = {(a), a, ..., aio) | a € {Subsets of the semiring 
(Z” U {0}) (g)} g = 0, 1 <i < 10} be the subset matrix 
semivector space over the semifield Z’ U {0}. 


(i) Finda semibasis of M. 

(ii) Can M have more than one basis? 

(iii) Can M be a subset matrix semilinear algebra over 
ZV {0}? 

(iv) If the semifield Z” U {0} is replaced by (Z* U {03) (g) 
will M be a subset matrix semivector space of type I 
over (Z* U {03) (g). 


10. Let M be a subset matrix semivector space of type I 
defined over a semiring. Find some special features 
enjoyed by M. 


11. 


12. 
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Let M be a special subset matrix semivector space of type 
II over a ring R. What are the special features associated 
with M? 


Let M= a, € S= {collection of all 


subsets of the ring Z\5}, | <i < 16} be the special subset 
matrix semivector space over the ring Z\5 of type II. 


(i) Can M be commutative? 


(ii) Prove M as a special subset matrix semilinear algebra 
is doubly non commutative? 


(iii) Find a basis B of M as a special subset matrix 
semivector space of type I. 


(iv) Find a basis B of M as a subset matrix semilinear 
algebra of type II. 


(v) Compare the basis B, and By». 
(vi) Is 0(B;) > 0(B) or o(B) > 0(B,)? 


(vii) Does M have only one basis or several basis? 
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a, a 
13. LetM= : 7 a; € S = {Collection of all subsets of 
453 Ang 


the groupring Z;S,4}, 1 <1 < 24} be a special subset matrix 
semivector space of type II over the ring Z7Sy4. 


(i) Prove M is non commutative. 
(11) Study questions (1) to (vii) of problem 12. 


14. Let S = {Collection of all subsets of the ring C(Z)2)}. 


Bi oe a 
M=4]a, a, a, || a € S; 1 <i <9} is the special subset 
a, a, a, 


matrix semivector space of type II. 


Study questions (1) to (vii) of problem 13. 


ay, (Hos tad 
15. LetM= at *| 
Bee Bipe 2 Aas 
subsets of the field Q}} be the special strong subset matrix 
semivector space of type III. 


a, € S = {Collection of all 


Study questions (1) to (vii) of problem 12 for this M. 


16. Derive some interesting features enjoyed by strong special 
subset matrix semivector spaces of type II. 


17. Distinguish between type II and type III subset semivector 
spaces? 


18. 


19. 


20. 


21. 
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Compare all the four subset semivector spaces. 


a, ay a, ay 
LetM=4]a, a, a, a, || a € S= {Collection of all 


Ay Ay Ay, yy 


subsets from Z,;S3}; 1 < i < 12} be the special subset 
matrix semivector space over the ring Z1;S3. 


Study questions (1) to (viii) of problem 12. 


a a4, a; 49 
a,, a, a, .. a 
21 22 23 40 : 
Let M= a; € S= {Collection of 
ag Vay Bay cee Bey 
461 A6o 63 ore Ago 


all subsets of the field Z,;}, 1 < i < 80} be the special 
strong matrix semivector space over the field of type III 
over Zj1. 

(i) Find o(M). 

(ii) Find a basis of M over Z). 

(iii) Can M have more than one basis? 

(iv) Study questions (i) to (viii) of problem 12. 

Let M = {Collection of all 5 x 3 matrices with entries from 
subsets of the semifield Z” U {0}! be the subset matrix 
semivector space over the semifield Z” U {0}. 


(i) Find a basis of M over Z” U {0}. 


(ii) Can M have more number of basis? 
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(iii) Is M finite or infinite dimension? 


a, Ai6 a3) 
_ Jf 42 iy Asp 7 ; 
22. Let M= : : ° a; € S = {Collection of all 
a5 A309 ays 
subsets over the semiring P = 1 


1 <i< 45} be the subset matrix semivector space of type I 
over the semiring P. 


(i) Find o(M). 

(ii) Is o(M) <0? 

(i111) Find a basis of M over P. 

(iv) Can M have more than one basis? 


(v) Is M acommutative subset matrix semilinear algebra 
of type I over P? 


(vi) Study M as a subset matrix semivector space of type I 


over f 
, 
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a, 


a 
23. LetM= e a, € S= {Collection of all subsets of 


Ag 
1 
the semiring T = a b 
c 
d e 
g h 
0 


1 <1 < 40} be a subset matrix semivector space over the 
semifield L = 


om of © 


(i) Find o(M). 
(ii) Find a basis of M over L. 


(iii) Ifin M Lis replaced by T is M, is a subset matrix 
semivector space of type I compare M and Mj. 
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24. LetB=4]a, a; a, || ai ¢ S= {Collection of all subsets 


of the semiring L, x L2 


1 
where L; = and L2 = 
ay b, 
ed j 
f d di 
f; ej 
g 
h 
><] 
b 1 
0 


1 <i < 9} be a subset matrix semivector space of type I 
over L. 


(i) Find o(B). 

(ii) Find a basis of B over L. 

(iii) Prove B is commutative. 

(iv) How many basis can B have? 


(v) Under usual operations of B can B be non 
commutative as a subset matrix semilinear algebra? 


25; 


26. 
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a, € S = {Collection of all subsets of 


a, a, 
Let T= 
a, a, 


the semiring C(Zjo)} 1 < i < 4} be the subset matrix 
semilinear algebra over the semiring C(Zjo). 


(i) Find a basis of T over C(Z,0). 
(ii) How many basis can T have over C(Zjo)? 
(iii) Find o(T). 


(iv) Show T is non commutative under usual product as a 
semilinear algebra. 


(v) Prove T under natural product x, is a subset matrix 
semilinear algebra over C(Zjo). 


a a Mee, 
Let N= ete i 
Ay Ay + Aye 


subsets of the semiring LS; where L = 


a, € S= {Collection of all 
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Pe 


28. 


1 <i < 16} be a super subset matrix semivector space over 
the semiring S. 


(i) Find o(N). 
(ii) Find a basis of N over S. 
(iii) How many basis of N over S exist? 


(iv) If N is not a super subset matrix semivector space over 
the semiring L. Compare both spaces. 


Let M be a super subset semivector space of type I over a 
semiring. 

Find some special properties enjoyed by the super subset 
semivector space of type I. 


rete | a, ‘a 
ay Ay 6 
subsets of the ring Z)4 (g), g’ = 0}, 1 < i < 16} be the 


special super subset matrix semivector space of type II over 
the semiring S. 


a, € S= {Collection of all 


(i) Find a basis of T over S. 
(ii) Find o(T). 
(iii) How many basis can T have over S? 


(iv) Prove T is commutative. 
(v) IsW- Bi ig. sen hy 
0. Oy OD 


subsets of the ring Z,4 (g); g° =0},1<i<8}cTa 
special super subset semivector subspace of T over S? 


a; € S = {Collection of all 
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a 
29. Let W= : a; € S = {Collection of all subsets of 


the ring ZsS;7}; 1 < 1 < 8} be a special super subset 
semilinear algebra of type II over the semiring S. 


(i) Prove W is doubly non commutative. 
(ii) Find o(W). 
(iii) Find a basis of W over S. 


(iv) How many basis of W over S exist? 


30. Let P= ks a a 
Brg Bige ase Big 
subsets of the field Zj9}; 1 <1 < 18} be the special strong 


super subset matrix semivector of type III over the 
semiring S. 


a, € S = {Collection of all 


(i) Find o(P). 
(ii) Find a basis of P over S. 
(iii) How many basis P has over S? 


(iv) Is P commutative as a special strong super subset 
matrix semilinear algebra? 
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31. LetV= 4] a, a, .. a, || ai € S= {Collection of all 


1 <i < 18} be the super subset matrix semivector space 
over S. 


(i) Find o(V). 
(ii) Find a basis of S over V. 


(ii1) Can S have more number of basis? 


a; € S = {Collection of all subsets of 
i=0 


32. LetM= [Zax 


semifield L = 


BG: 


34. 


35. 
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be a subset matrix semivector space over L. 
(i) Find a basis of M over L as a semivector space. 


(ii) Find a basis of M over L as a semilinear algebra over L. 


Let M= {Sax a; € S = {Collection of all subsets of the 


i=0 


semifield Z” U {03}; 0 < i < 9} be the subset matrix 
semivector space over the semifield Z*” U {0}. 


(i) Find a basis of M. 


(ii) Prove M is not a subset matrix semilinear algebra over 
M. 


(iii) Can M have more than one basis? 
(iv) Find subspaces of M. 


Study any special / interesting feature of a subset 
polynomial semivector space over a semifield. 


a, € S = {Collection of all subsets of the 
i=0 


Let V = {Sax 


ring Z);Sg}, 0 < i < 8} be the special subset semivector 
space over the ring Z,Sg of type II. 
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(i) Is o(V)<? 
(ii) Find a basis of V over Z,)Sg. 
(iii) How many basis of V over S;,Sg exist? 


(iv) Can V be a commutative special subset semivector 
space over Z\;Sx of type II? 


a; € S = {Collection of all subsets of the 


8 
36. LetM= [Dax 


i=0 


semiring P = 


0 <1< 8} be the subset polynomial semivector space over 
the semiring of type I over P. 


(i) Find a basis of M over P. 


(11) Prove M is not a subset polynomial semilinear algebra 
over P. 


(iii) Can M have more than a basis? 


ay a, a; 
37. Let W= 
a, Be ay 


a; € S = {Collection of all subsets 
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of the ring Z;.$; 1 <i <6} be the special subset matrix 


a, a, a, 

; 4 45 a6 
semivector space over Zj, of type I. M= 

7 ag ay 

a9 ay, aio 


a; € S = {Collection of all subset of the ring Z)2} be the 
special subset matrix semivector space over Z,, of type I. 


(i) Define semi linear transformation of W to M. 


(ii) Define semilinear operators n,; : W > W and 
mn: M—-M. 


(iii) Find semilinear functional of M and W; f; : M > Zp 
and f, :Wa> Z12. 


(iv) If R = {Collection of all semilinear transformation of 
W to M}, what is the algebraic structure enjoyed by 
R? 


(v) If B= {Collection of all semilinear transformations 
from M to W}; what is the algebraic structure enjoyed 
by B? 


(vi) Let T; = {Collection of all semilinear operators of M 
to M}; find the algebraic structure enjoyed by T). 


(vii) Let T, = {Collection of all semilinear operators from 
W to W}; find the algebraic structure enjoyed by T>. 


(viii)Let F; = {Collection of all semilinear functional from 
M —> Zo} find the algebraic structure enjoyed by F,. 


(ix) Let F, = {Collection of all semilinear functionals 
from W to Z)>} find the algebraic structure enjoyed by 
F. 
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38. Let S = {Collection of all subsets of the lattice L = 


mip 


a b 
c 
d 
= g 
h h 
0 
A Blige = Blige” eae Hebe . 
M= a, €S; 1 <i< 20} and 
| Ay Ayy ove Agg 
[ a, ad, ay 84 a, 
Sil « Gite” tee ae i ; ; 
W= a, € S; 1 <1< 20} be two 
Bini.) wi les ~ Was Byg 
16 a9 


subset matrix semilinear algebras over the semiring L of 


type I. 
Study questions (1) to (ix) of problem 37. 


Let 

S = {Collection of all subsets of the semifield Q* U {03}, 
M = {Collection of all 5 x 5 matrices with entries from S} 
and W = {Collection of all 7 x 7 matrices with entries from 
S} be two subset matrix semivector space over the 
semifield Q* U {0}. 


Study questions (1) to (ix) of problem 37 for this M and W. 
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40. Let S = {Collection of all subsets of the ring Z4; S(10)} 
M = {Collection of all 3 x 7 matrices with entries from S} 
and W = {Collection of all 8 x 3 matrices with entries from 
S} be two special subset matrix semivector space of type II 
over the ring Z45 S(10). 


Study questions (i) to (ix) of problem (37) for this M and 
W. 
Prove both M and W are non commutative. 


41. Let S = {Collection of all subsets from the field C}. M = 
{Collection of all 7 x 2 matrices with entries from S} and 
W = {Collection of all 3 x 4 matrices with entries from S} 
be two strong special subset matrix semivector spaces of 
type III over the complex field C. 


Study questions (i) to (ix) of problem 37 in case of this M 
and N. 


42. Let S = {Collection of all subsets from the semigroup ring 
C(S(12))}. 


M = {Collection of all 3 x 8 matrices with entries from S} 
and 

W = {Collection of all 6 x 4 matrices with entries from S} 
be special subset matrix semivector spaces over the ring 
C(S(12)) of type II. 


Study questions (1) to (ix) of problem 37 for this M and W. 


(i) Prove M and W are non commutative as special subset 
matrix semivector spaces of type II and are doubly non 
commutative as special subset matrix semilinear algebra 
of type II. 
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43. Let 
S = {Collection of all subsets of the semifield R” U {0}}. 


M= p a;x'| a; € S} be the subset polynomial 


i=0 


semivector space over the semifield R™ U {0}. 
(i) Find a basis of M over R' u {0}. 


(ii) IfR* U {0} is replaced by Q* U {0 find a basis of M 
over Q’ U {0}. 


(iii) If R* U {0} is replaced by Z” U {0} find a basis of M 
over Z’ U {0}. 


(iv) Is the basis unique or can M have many distinct basis? 


(v) Can M be made into a subset polynomial semilinear 
algebra over R* U {0} (or Q* U {0} or ZU {0})? 


(vi) Find subset polynomial subsemivector spaces of M. 
(vil) Find T: {Collection of all M — M}; what is the 


algebraic structure enjoyed by T? 


a; € S = {Collection of all subsets of the 
i=0 


44. LetM= [Zax 


semigroup semiring P = (Z’ U {0}) (S(5))}} be the subset 
polynomial semivector space of type I over P. 


Study questions (1) to (vii) from problem (43) for this M. 


45. 


46. 


47. 


48. 
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Let M,; = {s eg a; € S= {Collection of all subsets of 


i=0 


the ring R = Z4. Do} be the special subset polynomial 
semivector space over the ring R of type II. Study 
questions (i) to (vii) from problem (43) for this Mj). 


Let M> = {s ce 4 a; € S = Collection of all subsets of the 


i=0 


field C}} be special strong subset polynomial semivector 
space over the field C of type III. Study questions (i) to 
(vii) from problem 43 for Mp. 


Let M; = [Zax a, € S = {Collection of all subsets of 


i=0 


the semifield R’ U {03}} be the subset polynomial 
semivector space over the semifield R™ U {0}. 


Study questions (1) to (vii) from problem 43 for M3. 


Let My = 3 ax: a; € S = {Collection of all subsets of 


i=0 


the semifield L = 


be the subset polynomial semivector space over the 
semifield L. 
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(i) Study questions (i) to (vii) of problem 43. 


(11) Find the set ideal subset polynomial topological vector 
subspace of M over any set. 


49. Let Ms; = {Zax a, € S = {Collection of all subsets of 


i=0 


the semiring LS; where L = 


RX. 


be the subset polynomial subset semivector space over the 
semiring LS; of type I. 


Study questions (i) to (vii) of problem (43) study question 
(11) problem 48 for this Ms. 


50. Let Me = {Zax a, € S = {Collection of all subsets of 


i=0 


the ring Zj. S;7}} be the special subset polynomial 
semivector space of type II over the ring R. 


Study questions (iv) to (vii) in problem 43 for Mg. 


a, € S = {Collection of all subsets of the 


51. LetM= [Zax 


i=0 


field Z43}} be the strong special subset polynomial 
semivector space of type III over the field Z,3. 


Study questions (1) to (vii) in problem 43 for this M. 


52. 


33. 
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Let 
S = {Collection of all subsets from the semifield Z* U {0}! 


be the subset semiring M = D3 a,x'| a; € S} be the super 


i=0 


subset polynomial semivector space over the subset 
semiring over S. 


(i) Finda basis of M over S. 
(ii) How many basis can M have over S? 


(iii) Is M a super subset polynomial semilinear algebra 
over S? 


(iv) Let T = {Collection of all super semilinear operators 
on M}. Study the algebraic structure enjoyed by T. 


(v) Find super subset polynomial semivector subspaces of 
M over S. 


a; € S = {Collection of all subsets of the 


Let M= {Sax 
i=0 


semiring 
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54. 


55. 


56. 


be the super subset polynomial semivector space over the 
subset semiring S of type I. 


Study questions (1) to (v) of problem 52 for this M. 


a; € S = {Collection of all subsets of the 


Let M = [Saw 
i=0 


ring R = Z4s S7}} be the special super subset polynomial 
semivector space over the subset semiring S. 


(1) Study questions (i) to (v) of problem 52 for this M. 


(ii) If F = {collection of all super semilinear functional of 
M to S} find the algebraic structure enjoyed by F. 


a, € S = {Collection of all subsets of the 
i=0 


Let M= {Sax 


field C} be the strong special super subset polynomial 
semivector space over the subset semiring S of type III. 


(i) Study question (i) to (v) of problem 52 for this M. 
(11) Let F = {Collection of all super semilinear functions 


of M to S}; study the algebraic structure enjoyed by F. 


: 
Let M= p3 a,x'| a; € S= {Collection of all subsets of the 


i=0 


semifield R® U {0}}} be the super subset semivector space 
over the subset semiring S. 


(i) Find a basis of M over S. 
(ii) If T = {Collection of all super subset semilinear 


operators on M}, find the algebraic structure enjoyed 
by T. 
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(iii) Let F = {Collection of all maps from M — S$} find the 
algebraic structure enjoyed by F. 


(iv) Prove M is not a super subset polynomial semilinear 
algebra over S. 


(v) Can M have more than one basis over S? 


a; € S = {Collection of all subsets of the 
1 


. LetM= [Zax 


i=0 


semiring 


be the super subset polynomial semivector space over the 
subset semiring S of type I. 


Study questions (1) to (v) of problem 56 for this M. 


4 
. LetM= [Zax a, € S = {Collection of all subsets of the 


i=0 


ring Zi. Sg} be the super special subset polynomial 
semivector space over the subset semiring of type II. 


(i) Prove o(M) <9. 


(ii) Study questions (1) to (iv) of problem 56 for this M. 
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59. 


60. 


61. 


62. 


63. 


64. 


65. 


66. 


a; € S = {Collection of all subsets of the 


Let M= pa ax 
i=0 


field Z.3', 0 < i < 9} be the special strong super subset 
semivector space over the subset semiring S of type III. 


(i) Study questions (i) to (iv) of problem 56 for this M. 
(ii) Prove o(M) < 9. 


Find some interesting features enjoyed by super subset 
semivector spaces over a subset semiring. 


Find for any subset polynomial semivector space M the 
subset topological polynomial semivector subspace T of M 
over a semifield F. T = {Collection of all subset 
polynomial semivector subspaces of M over a semifield} 
be the subset topological polynomial semivector subspace. 
Study T for all types of subset of subset polynomial 
semivector subspaces. 


Let W = {Collection of m x n matrices with entries from 
the subsets of the semifield R* U {0}} be the subset 
semivector space over the semifield R’ U {0}. Find the 
subset matrix topological semivector subspace of W over 
R’ vu {0}. 


Study problem 62 in case of all the three types of subset 
matrix semivector spaces. 


Study problem (62) if W is a super subset semivector 
subspace over S. 


Define and describe set subset matrix (polynomial) 
topological semivector subspace of M over a set. 


Study question 62 in case of super subset matrix 
(polynomial) semivector space over a subset semiring. 
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